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Abstract 

Our goal is to understand the fundamental dynamics of bodies moving through fluids. In 
particular we wish to understand the interaction of a body with vortices in the fluid. We derive an 
idealized model for such interactions, where the equations of motion are a finite set of nonlinearly 
coupled ordinary differential equations for the body and vortex motion. We investigate these 
solutions numerically and analytically with emphasis on transitions between integrable, regular, 
and chaotic motion. Using Poincaré sections generated from numerical solutions, we discover 
several transitions between chaotic and regular dynamics. A mechanistic understanding of these 
transitions is obtained by investigating the numerical solutions near the transitions and by 
comparing the motion to special integrable solutions. 

1. Introduction 

Immersed in fluids as we are here on Earth – whether in the air of the atmosphere or the 
water of the ocean - the problem of a body moving through a fluid is a pretty important one. A 
key phenomenon attached to such motion is the generation and shedding of vortices from the 
body. Once generated, these spinning structures have a tendency to remain intact for quite a 
while, moving with the flow almost as if they were material, rather than structural, in nature. 
They may exert significant forces on bodies in their proximity. For the offshore oil industry, 
vortex induced vibrations of the vertical riser pipelines, bringing oil from the seabed to a 
platform, is a dangerous issue that may have catastrophic consequences, if care is not taken. For a 
swimming person, or a flying insect for that matter, the job is largely a matter of controlling their 
interaction with the vortices generated, as they move through their respective fluids.  

2. The idealized body-vortex model 

To study the fundamental interaction of such body-vortex interactions we now present an 
idealized model, which we believe captures at least some of the essential dynamical features. The 
model is a combination of two classical problems, namely, the motion of point vortices in an 
unbounded ideal (i.e. incompressible and inviscid with constant density, ρ ) fluid in the plane, 
and the free motion of a rigid body in a similar environment. The former problem was born in 
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Helmholtz’ seminal 1858 paper [1], while the latter problem dates back to the work of Kirchhoff 
and Kelvin around 1870 [2]. A sketch of the combined system is shown in Fig.1.   

 

 
Fig. 1: Sketch of the model investigated in this paper.  point vortices of strengths Γ , . . . , Γ  move around in an 
unbounded ideal fluid also containing a freely moving rigid body with circulation Γ  around it. 

Point vortices in ideal fluid 

The point vortices may be thought of as delta functions in the vorticity field at positions 
x , y , α	 	1, . . . , N, much like point masses and charges are delta functions in the mass and 

charge density fields studied in classical gravitational and electromagnetic theory. A point vortex 
induces a velocity field in the surrounding fluid making the fluid spin around it as indicated with 
arrows in Fig.1. The speed of this tangential flow is inversely proportional to the distance. The 
constant of proportionality is termed the vortex strength, and is identical to the circulation around 
the vortex. The vortex strengths, Γ , . . . , Γ , of the N vortices are parameters of our model that 
may be chosen at will to mimick a situation of interest. The conservation of these quantities 
follows from Kelvin’s circulation theorem. This conservation law of course also means that our 
model does not describe the mechanisms of vortex generation at the boundary of a body. Nor 
does it describe the gradial dissipation of vorticity due to viscous effects. While these are 
important aspects of body-vortex interactions, it nevertheless makes sense to turn our focus for a 
moment to the dynamic interplay in the time window after the vortices have been generated and 
before they are dissipated.   

Body motion in ideal fluid 

To represent the motion of the body we attach a coordinate system to it, at position 
,  relative to the laboratory frame, with the abscissae of the body-fixed frame and the 

laboratory frame making an angle . In Fig.1 we show an elliptic body, but the body may have 
any shape as long as the region it occupies is simply connected.  
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Fig. 2: Example of a conformal mapping from the complex ζ-plane to the complex z-plane such that the exterior of 
the unit circle in the ζ-plane maps to the exterior of a Joukowski shaped body in the z-plane. 

 
By the Riemann mapping theorem any such body shape ∁ may be obtained by a conformal 

mapping,  
 
	 	 	 	 , 

 
from a circle in the -plane, i.e., ∁	 	 	 	 | | 1 . Here 	 	  is the position in 
the plane in complex notation, while 	 	 	 	  is the complex body position. An example 
of a conformal mapping is shown in Fig.2.  

Because the body is assumed rigid, the conformal mapping f ζ  is independent of time. 
The body motion is described by the time dependence of z t  and θ t . The body velocity is 
represented by the time derivatives of these coordinates, x t , y t , θ t . The velocity vector 
x , y  may be decomposed into its components in a coordinate system aligned with the body. 

These body-aligned coordinates we denote by hats. In complex notation, we then have v 	
	iv 	 	 x 	 	iy e .  

The velocity field induced in the fluid by the body motion is a linear superposition of the 
three instantaneous velocity “components”, v t , v t , and ω t θ, multiplied by special 
“shape functions”, or unit velocity fields, if you will. These unit velocity fields are constant in 
time and are uniquely determined by the shape of the body represented by f ζ . They may be 
obtained by solving the Laplace equation for the velocity potential in the fluid, imposing the 
impermeability boundary condition on the (moving) body contour, and requiring the flow to die 
out at infinity. We note that potential flow theory allows slip at the body contour. Thus, the 
velocity field due to the body motion is only defined up to a constant that specifies the circulation 
around the body. This circulation is denoted by Γ  in Fig.1, and is yet another parameter that may 
be chosen at will in our model. The total circulation along a contour enclosing all the vortices and 
the body is denoted by  

 

Γ	 Γ . 
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Equations of motion 

With the body position, orientation, and linear and angular velocity specified, and with the 
circulation around the body specified, and the positions and strengths of the N vortices specified 
(Fig.1) the fluid flow can be uniquely determined. Since the boundary value problem we must 
solve to find this instantaneous flow is linear, the flow is simply a superposition of the flow due 
to the body motion, and the flow due to the vortices (in the presence of the body). In complex 
notation the fluid velocity may be written, 

 

u z, t
e
f′ ζ v t w ζ v t w ζ ω t w ζ

Γ
2πi

1
ζ

Γ
2πi

1
ζ ζ t

	
1

ζ 1/ζ t
. 

 
Here the bars denote complex conjugation, primes denote differentiation with respect to 

ζ	 	 f z , where the position in the body-fixed frame is denoted with a tilde, i.e., z
	 z z e . Likewise the positions of the α’th vortex in the ζ-plane is ζ 	 	 f z , where the 
corresponding body-fixed position is z 	 z z e . The functions w ϕ iψ  for 
j 1,2,3, are the unit complex potentials associated with body motion. 

By the theory of Lin[3], the motion of a point vortex may be obtained by subtracting its 
own singular contribution from the above velocity field in the following way, 

 

z t 	 lim
→

u z, t
Γ
2πi

1
z z t

,				α 1, … , N. 

 
Taking this limit, one finds 
 

z
e
f′ ζ

v w ζ v w ζ ωw ζ
Γ
2πi

1
ζ

Γ
2πi

1
2
f′′ ζ
f′ ζ

1
ζ 1/ζ

Γ
2πi

1
ζ ζ

1
ζ 1/ζ

, α 1, … , N, 
(1) 

 
where the sum runs from β 1 to N skipping α. For simplicity of notation we have dropped the 
explicit specification of time dependency. 

The above equations are valid for any motion of the body, whether free, forced, or 
confined to a specified trajectory. As mentioned, we will mainly be interested in the case of free 
body motion. By free we mean that the only force on the body is that due to the instantaneous 
pressure distribution along its surface. Another way to put it is that the total linear and angular 
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momentum of the fluid plus body, considered as one unified system, must be constants of the 
motion. Since no energy is added to, or extracted from, the unified system, the total energy is also 
conserved. We may write these conservation laws as: 

 
Linear impulse:  P ρ udA ρudA ∞ 
Angular impulse:   L ρ z u dA z ρu dA ∞ 
Interaction energy:  E ρ |u| dA ρ|u| dA ∞ 
 
For fluids extending to infinity and containing point vortices there are singular terms in the 

momentum and energy integrals above. Discarding these terms (symbolized by the “ 	∞” terms 
above), and keeping only “interaction terms”, we get the impulses (instead of the momenta) and 
the interaction energy.  

In the above expressions the integrals over the entire plane are split into an integral over 
the fluid region, and an integral over the area occupied by the body. The linear impulse has two 
components, P	 	 P , P , while the angular impulse, L, an the interaction energy, E, are scalars. 
The fluid density ρ  is constant, but the internal mass distribution of the body, ρ, may be chosen 
at will. This choice determines the dynamic response of the body via the resulting body mass, 
center of mass, and moment of inertia, respectively, 

 

m ρdA,						z
1
m

ρzdA , I ρ|z| dA	. 

 
Using the fluid velocity field described above, and the rigid body motion, u x 	iy

	iω z z , in the body integrals, the impulses may be calculated. Because the velocity field, 
u z, t , only depends linearly on the body velocity components, v , v ,ω , so will the linear and 
angular impulses, P , P , L . Therefore the resulting equations for P , P , L  in terms of the 
dynamical variables x , y , . . . , x , y , x , y , θ, v , v , ω  may be inverted to obtain expressions 
for v , v , ω  in terms of the remaining dynamical variables with P , P , L  as parameters 
determined by the initial conditions. The resulting body velocity equations read 

 
v
v
ω

M
P
P

L z P
ρ Γ

y
x

|z |
ρ Γ

y ψ ζ
x ψ ζ
|z | ψ ζ

.  (2) 

 
Here M is a constant 3x3 matrix, the so-called virtual mass matrix, determined by the body 

shape and mass distribution, 
 

M
m ρ A 0 my ρ A

0 m ρ A mx ρ A
my ρ A mx ρ A I ρ A
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The elements of the added mass matrix appearing here are 
 

A
1
2i

w ζ
dw
dζ

dζ,			j, k 1,2,3.
| |

 

 
The hats appearing in Equation 2 denote components in the aligned coordinates, i.e. 
 

P 	 	iP 	 P 	 iP e  and  x 	 	iy 	 x 	 iy e . 
 
The important thing to note is that Equations 1 and 2 constitute an autonomous set of 

coupled ordinary differential equations for the time derivatives of the body and vortex positions. 
We have effectively exploited the conservation of linear and angular impulse to get rid of the 
equations for the linear and angular body acceleration, thus reducing the dimension of phase 
space from 2N 6 to 2N 3. Given the classical character of this system, it is quite surprising 
that almost no work was done on this type of coupling during the 20th century. Only recently 
were the equations fully derived in [4] and [5]. Here the Hamiltonian nature of the equations was 
also demonstrated, with the interaction energy, E, serving as the Hamiltonian, if a clever choice is 
made for the independent phase space coordinates. A number of minor errors and ambiguities 
were clarified in [6], from where the present form of the equations is taken. 

3. Integrability and chaos 

At first sight the full system of equations may seem a little overwhelming and difficult to 
analyze. There are, however, a number of integrable limiting cases that one may study to gain 
insight into the dynamics. For instance if all the vortices are “turned off”, we are back at the 
Kirchhoff-Kelvin equations for a free body moving in an unbounded ideal fluid. This system is 
well-known to be completely integrable with the body either rocking or tumbling through the 
fluid depending on its shape and initial velocity. If instead we let the body shrink to a point, we 
end up at the N 1 point vortex problem (provided Γ 0), which is well-known to be 
completely integrable for N 1 3. Further special cases exist when the linear impulse P and 
the total circulation Γ both vanish. For details see [7].  

A body and a single point vortex 

Here we will focus on the case where a body interacts with a single vortex. It can be shown that 
when the body is circular (and of uniform mass distribution ρ ) then this problem is completely 
integrable [8]. For integrable systems, there is typically a two-dimensional reduced system of 
phase space coordinates in which the solution orbits may be plotted as the contours of an energy 
landscape. For our system a convenient set of coordinates turns out to be the vortex position 
relative to the body. Fig.3 shows an example of such an energy landscape, where Γ 	 	 1, 
Γ 	 	1, 1, and 	 	4.  
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Fig. 3: Left: Contours of the energy function  in the reduced phase space spanned by the vortex position relative to 
the body, , , for a system of one vortex and a circular body (black circle). In this example Γ 	
	 1, Γ 	 	1, ρ 1	, and ρ 	 	4. Three orbits have been colored. Right: The body (black) and vortex (colored) 
trajectories for the corresponding colored solutions in the left panel. The body-vortex pair starts at the left side and 
travels to the right. 

 
Basically, there are three types of unsteady motion as demonstrated with the three colored 

contours in the figure. The corresponding trajectories of the body and vortex are shown in 
Fig.3(right). In all cases the body and vortex travel through the fluid in the direction of the linear 
impulse, P, in this case pointing in the positive x-direction. For two of the three types of motion 
(red and blue) the body and vortex also orbit around each other, while for the last type (green) 
they simply travel alongside through the fluid with small undulations in their relative positions. 
The division into these three types of motion is caused by the existence of a stable and an 
unstable relative equilibrium solution (small black dots in Fig.3, left panel), where the body and 
vortex simply move steadily through the fluid in the direction of P without moving relative to 
each other. If we added a perturbative noise to the stable solution, the motion would be 
essentially unaltered except for small irregular undulation in the relative body-vortex position. 
The qualitative behavior would not differ significantly from the periodic behavior observed in the 
undisturbed state. If, however, we were to add noise to the system in the unstable steady state, 
this would cause the motion to shift randomly between the three types of motion shown with 
color in Fig.3. The choice of type would be determined by the particular value of the noise as the 
system approaches the saddle point.  
 In Fig.4 we show the body-vortex trajectories for an initial configuration very close to the 
unstable equilibrium state. The irregular character of the trajectories is, however, not the result of 
adding noise to the system. Rather we have made the body slightly elliptic. The crucial difference 
here is that for a completely circular body its rotation decouples completely from the fluid.  
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Fig. 4: Trajectories of body (black) and vortex (red) for a body-vortex pair started near the unstable equilibrium in 
Fig.3(left), but with the body being slightly elliptic. The pair travels from left to right. 

No velocity field is generated by rotation of the body (because of the slip condition) and in turn, 
the fluid cannot alter the angular rotation of the body. As soon as the body becomes slightly 
elliptic, as in Fig.4, this no longer holds. Any small rotation of the body will generate a small 
velocity field in the fluid. This clearly affects the vortex, and thus serves effectively as a random 
perturbation to the vortex motion, causing the irregularity observed in Fig.4. 

Poincaré sections 

To demonstrate that the behavior observed in Fig.4 is actually chaotic we generate 
Poincaré sections. These are generated by numerically calculating a large number of solution 
orbits with different initial conditions, and then plotting the orbit intersections with some chosen 
surface in phase space. One must make sure that the chosen surface is actually crossed by the 
calculated solution and one should also take care when choosing the family of orbits to include in 
the Poincaré section. We may choose our laboratory coordinates such that the elliptic body 
always starts at the origin with its major axis aligned with the abscissa. It turns out that for our 
particular system the phase space plane defined by θ	 	2πn for n ∈ 	  is a convenient choice of 
intersection surface. The question remains which orbits we should include in the Poincaré section. 
Here it turns out that the solutions are ordered in 1-parameter families where all members of a 
given family have the same values of the four constants of motion, P , P , L, E .  

For instance the positions marked by dots along one of the contours in Fig.5(left) are initial 
vortex positions relative to the body where (for the right choice of initial body velocity) the 
solutions will have the same impulses and energy. Calculating long time series for these 21 
solutions and plotting the position of the vortex relative to the body every time the body returns to 
its original orientation one obtains the Poincaré section in Fig.5(right). As is evident from this 
figure, the slight eccentricity of the body renders the solutions near the unstable relative 
equilibrium in Fig.3(left) chaotic, while those near the stable equilibrium and those further from 
the body are still regular. This behavior we now understand from our previous discussion of 
disturbing solutions near the stable and unstable equilibria of the integrable system with a circular 
body.  

To demonstrate how chaos gradually takes over as the body eccentricity is increased, we 
plot in Fig.6 an eccentricity scan. In the upper left corner, we start with a circular body, and in the 
lower right corner we end up with a very flat ellipse. The Poincaré sections are generated like 
Fig.5(right) with the one exception that we choose to plot the points in a three dimensional 
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Fig. 5: Left: Contours demonstrating the 1-parameter families of solutions having the same values of the four 
constants of motion, , , , . Solutions where the vortex is initially placed at different positions along one of 
these contours may have the same values of , , , , if the body initial velocity is chosen properly. Right: 
Poincaré section generated from the 21 initial conditions marked by dots in the left panel. See text for further 
 
reduced phase space spanned by the body velocity coordinates, x , y , θ  rather than the two 
dimensional phase space spanned by x x , y y . It is evident how the increased coupling 
between the vortex and the rotational motion of the body makes a still larger fraction of the 
solutions chaotic. Nevertheless, even for the very flat ellipse in the lower right panel at least a 
single regular solution still persists. The pictures of such “pockets” of regularity in a chaotic 
“ocean” (and from Fig.5(right), chaotic regimes in an otherwise smooth “flow”) may be useful to 
keep in mind, when analyzing real flow data, where sudden transitions between smooth and 
apparently random states are often observed. 

4. Concluding remarks 

We have shown how a finite dimensional model, tractable to analysis by tools form 
dynamical system theory, may be derived for the interaction of a rigid body in a fluid containing 
vortices. The system is Hamiltonian with four constants of motion: The two components of the 
total fluid plus body linear impulse, the corresponding angular impulse, and the kinetic energy 
associated with the body-fluid interaction. The system of a circular body of uniform mass 
interacting with a single point vortex is completely integrable, essentially due to the decoupling 
of the fluid motion and body rotational motion. Breaking this “symmetry”, e.g., by making the 
body slightly elliptic, the system exhibits chaos, especially near an unstable solutions of the 
integrable circle-vortex system. There are many other interesting cases to analyze, e.g. the 
interaction of a free body with two point vortices. For more details on such cases the reader is 
referred to [8]. 
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Fig. 6: Poincaré sections for a body-vortex pair with Γ 1, Γ 1, ρ 1, and ρ 1/4. Points correspond to 
intersections of solution orbits with the plane θ	 	2πn, n ∈ 	 	. The points are plotted in a reduced phase space 
spanned by the body velocity coordinates x , y , θ . From left to right and top to bottom the eccentricity of the body 
is gradually increased, such that the upper left panel corresponds to a circular body and the lower right corner 
corresponds to a “cigar shaped” body. 

Dedication 

This paper is dedicated to the memory of my dear supervisor, Hassan Aref, who died, 
suddenly and way too soon, from an aortic dissection on September 9, 2011. 
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