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Abstract
We consider interaction of a rigid body with a surrounding ideal fluid containing
a number of point vortices. The fluid is assumed to be planar and unbounded and
the body is assumed to be free to move in response to the fluid forces. Except that
the body should be simply connected and rigid, no assumptions are made on the body
shape or on its internal mass distribution. There may also be an arbitrary and constant
circulation around the body. The governing equations reduce to an autonomous set of
coupled ODEs for the vortex positions and the body position and orientation. The
form of these equations are derived by combining the classical equations for free body
motion in ideal fluid of G. Kirchhoff and Lord Kelvin with C. C. Lin’s bounded domain
generalisation of H. Helmholtz’s celebrated point vortex equations. The Hamiltonian
nature of the coupled body-vortex ODEs is demonstrated and the existence of additional
conserved quantities is discussed.
A survey of the integrable motions of the system is given. Integrability is demonstrated explicitly by exploiting conservation laws to devise reduced phase space coordinates in which the orbits of the system are the contours of an energy landscape.
The existence of relative equilibria, their stability, and the qualitatively different kinds
of motion is studied analytically and numerically. We then perform small parametric
perturbations destroying the symmetry or conservation law that makes the system integrable. The emergence of chaos in the system is diagnosed by generating Poincaré
sections from numerically obtained solutions. By identifying the chaotic solutions and
studying the body and vortex orbits, we obtain a better mechanistic understanding of
the causes of chaotic behavior. As is well-known from dynamical system theory, the
chaos can often be traced back to unstable relative equilibria of the perturbed integrable
system.
By this methodology we demonstrate that, even when there are no vortices in the
fluid, a freely moving elongated body, whose motion is dominated by rotation, may
have an atmosphere of fluid particles following it through the fluid. This atmosphere
contains both regular and chaotic regions, and may be understood from KAM theory.
We also discover two separate chaotic regimes in the interaction of a body and one
point vortex when the body is either noncircular or has asymmetric internal mass distribution. For one of these chaotic regimes the effect of chaos seems to be largest on
the vortex, while for the other, the chaos primarily expresses itself in the body motion.
Finally we briefly demonstrate the occurrence of chaos in the interaction of a body with
two point vortices.
Keywords: 2D Ideal Fluid, Rigid Body, Point Vortex, Body-Vortex Interactions,
Nonlinear, Fluid-Structure Dynamics, Hamiltonian, Chaos, Integrability, Invariants.

Dansk resumé
Vi studerer vekselvirkningen mellem et legeme og en omgivende væske i 2D. Væsken
har uendelig udstrækning i planen og antages at være usammentrykkelig og gnidningsfri.
Væskestrømningen antages desuden at være potentialstrømning bortset fra et endeligt
antal punkthvirvler, som legemet vekselvirker med. Legemet antages at have fast form
og intern massefordeling og disse kan vælges vilkårligt. Også cirkulationen om legemet
antages konstant og kan vælges vilkårligt. Endelig antages legemet at bevæge sig
frit i væsken under påvirkningen fra trykkræfterne på dets overflade. Under disse
antagelser reduceres bevægelsesligningerne for systemet til et autonomt sæt ordinære
differentialligninger for hvirvlernes positioner og for legemets position og orientering.
Disse ligninger udledes ved at kombinere G. Kirchhoff’s og Lord Kelvin’s klassiske
ligninger for et frit bevægeligt legeme i en idealvæske med C. C. Lin’s generalisering af
H. Helmoholtz’s punkthvirvelligninger til situationer med begrænsede væskeområder.
Vi demonstrerer Hamiltonformen af de koblede hvirvel-legeme bevægelsesligninger og
diskuterer eksistensen af bevarede størrelser for systemet.
Vi analyserer systemets integrable specialtilfælde. Integrabiliteten vises eksplicit
ved at udnytte systemets bevarelseslove til at konstruere koordinater for et reduceret
faserum, således at løsningskurver i disse koordinater er konturkurver for en energifunktion. Relative ligevægtstilstande og deres stabilitet samt de forskellige typer bevægelse
studeres med analytiske og numeriske metoder. For at studere overgangen til kaos i
systemet foretager vi numeriske eksperimenter, hvor vi perturberer en parameter, og
derved ophæver en invarians eller symmetri, som gør systemet integrabelt. Fremkomsten af kaos i systemet diagnosticeres ved hjælp af Poincaré snit genereret udfra numeriske løsninger. Ved at studere og sammenligne hvirvel- og legemebevægelserne for
kaotiske og regulære løsninger opnås en mekanistisk forståelse af den kaotiske opførsel.
Ofte kan fremkomsten af kaos spores tilbage til ustabile ligevægtstilstande for det
oprindelige integrable system.
Hvis der ikke er hvirvler tilstede i væsken er legemets frie bevægelse integrabel. Med
den beskrevne metodik har vi vist, at selv i dette simple tilfælde findes der løsninger,
hvor et aflangt legemes bevægelse er domineret af hurtig rotation, således at der er
en atmosfære af væskepartikler, som følger legemet i dets bevægelse gennem væsken.
Denne atmosfære består af såvel regulære som kaotiske områder. Eksistensen af en
sådan atmosfære kan forstås udfra KAM teori. For vekselvirkningen mellem en enkelt
hvirvel og et legeme har vi identificeret to forskellige kaotiske parameterområder, når
legemet er ikke-cirkulært eller har assymmetrisk massefordeling. Tilsyneladende kommer det ene kaotiske område mest til udtryk i hvirvlens bevægelse, mens de andet
primært kommer til udtryk i legemets bevægelse. Til slut har vi demonstreret kaos i
vekselvirkningen mellem et legeme og to hvirvler.

Preface
This thesis is the product of a three year PhD study conducted at the Department
of Mathematics at Technical University of Denmark (DTU) in the period January 1st,
2008 to January 31st, 2011. The PhD project was supervised by Professors Hassan Aref
and Morten Brøns and was funded partly by the department/DTU (45%) and partly
by Center for Fluid Dynamics, Fluid•DTU (55%). The latter is a collaboration between
five departments at DTU (mathematics, physics, mechanical engineering, chemical engineering and nanotechnology) all conducting basic fluid dynamics research. The centre
was initiated in 2006, facilitated by a grant from the Danish National Research Foundation. It is headed by Tomas Bohr from the Department of Physics at DTU. The
grant has supported a number of PhD students, visitors, seminar speakers, two summer schools and two international conferences. It also sponsored a Niels Bohr Visiting
Professorship for Hassan Aref from the Engineering Science & Mechanics Department
at Virginia Tech. The visiting professorship consisted in Hassan spending every fall
semester at DTU in the period from 2006 to 2010.
The study reported in this thesis has resulted in the four papers [Roenby and
Aref, 2010a], [Roenby and Aref, 2010b], [Aref et al., 2011] and [Roenby and Aref,
2011]. Of these, the first three are published, and the last was submitted in November
2010. The front pages including abstracts for these four publications are reproduced in
Appendix A. I have been involved in writing two popular articles about my research:
One in English by Lynn Nystrom at the College of Engineering at Virginia Tech. After
publication on Virginia Tech’s news page, this article quickly spread to the science
news sites such as sciencedaily.com, physorg.com, eurekalert.org and many more. The
other popular article is in Danish and was written by Morten Aagaard Krogh for DTU
Avisen. It was later posted on videnskab.dk.
During my PhD I have given a number of seminar and conference presentations:
Both in 2008 and 2009 I visited Hassan Aref at Virginia Tech for two weeks during
the spring semester and presented my work at their fluid dynamics seminar. In 2009
I participated in the Fluid•DTU summer school with an oral presentation. In all three
years of my study I participated with short talks in the annual meeting of the American
Physical Society Division of Fluid Dynamics. I have also presented my work at the
annual meeting of DCAMM (Danish Center for Applied Mathematics and Mechanics)
in 2009 and at the DANSIS (Danish Society for Industrial Fluid Dynamics) research
seminar in 2010. From January to June 2010 I was at the Mathematics Department
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of Imperial College London visiting Professor Darren Crowdy. In connection with this
research stay I presented my work to the vortex dynamics group of the department.
Finally in June 2010 I participated in the BBVIV-6 conference (Bluff Body Wakes and
Vortex Induced Vibrations) on Capri. My oral presentation there was rewarded with
an invitation to submit a paper in Journal of Fluids and Structures, see [Roenby and
Aref, 2011].
My results from the papers mentioned above are all included in this thesis. I have
chosen to write a full thesis instead of simply clipping my papers together with an
introduction. This is partly for my own satisfaction: I wanted to write a self-contained
text documenting what I have learned during the past three years. Thus, I have chosen
to write to a target group which is “myself on January 1st, 2008”. This means that
the prerequisites are a basic knowledge of fluid dynamics on the level of e.g. [Acheson,
1990] and a dynamical systems background corresponding to the levels of [Goldstein
et al., 2001] and [Strogatz, 2000]. In particular, I have tried to write a pedagogical
and comprehensive derivation of the equations of motion for point vortices and a freely
moving rigid body interacting in an unbounded ideal fluid. Even though these equations
have essentially been established in various publications during the past decade, I have
been unable to find a clear and comprehensive derivation in the literature.
I have done my best to avoid errors in this manuscript, but there will undoubtedly
be typos and ambiguities in the submitted thesis. I intend to store a corrected version
at roenby.com/phd.pdf. Should you find any errors, or in general have any questions
or comments on the thesis, please contact me on the e-mail address below.
At this point I would like to thank my sponsors, the Danish National Research Foundation and DTU and, at the end of the day, the Danish tax payers for funding my
project. It is truly appreciated. Also thanks to Otto Mønsteds Fond for a grant for
my stay at Imperial College. The external members of my assessment committee are
Professor Bruno Eckhardt from Philipps-Universität Marburg and Professor Charles H.
K. Williamson from Cornell University. I would like to express my gratitude to you for
taking time out of your busy schedules to come all the way to Denmark for the defence
on March 8, 2011. I am equally happy, honoured and scared about getting judged by
such prominent scientists.
I would also like to thank my collaborators, and all the wonderful people who have
contributed to making the past three years of my life a truly enjoyable and unforgettable
time. First, thanks to Tomas Bohr for inviting me into Fluid•DTU and for believing in
me in the first place. And thank you for being the driving force in creating a vivid and
inspiring fluid dynamics environment during my time at DTU. In this environment, I
have had particularly much to do with Teis Schnipper and Laust Tophøj, whom I thank
for much fun, many stimulating discussions and good traveling company. Thanks to my
supervisor Morten Brøns for sharing your expertise in dynamical systems theory with
me in many fruitful discussions. I also appreciate your help carefully reading through
this manuscript during the course of its creation. My gratitude also goes to Darren
Crowdy for hosting my research visit at Imperial College. I really enjoyed interacting
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with such a formidable mathematician and teacher, and I hope we will continue the
collaboration, e.g. on hollow vortex equilibria, that we initiated during my stay at
Imperial College.
My most sincere and heartfelt thanks go to Hassan Aref. I feel immensely privileged
having had the opportunity to work with you for the past three years. Never before
have I met anyone with the analytical skills and persistence that you posses (and I
doubt I ever will). Your impressive overview of the fluid dynamics literature and your
ability to see things in their right historical perspective makes you a great teacher.
Your warm humor, caring person and ability to deliver a pep talk on demand have all
been crucial for the completion of this project. Very few PhD students, I think, have
spent so much time with their supervisor as I have with you: During your periods at
DTU we have met several times a week, and when you were home in USA in the spring
semesters we have spent hours on Skype. Instant reply has almost been guaranteed
when I wrote you an e-mail (except during night in your time zone, which I can forgive).
Twice you have invited me to stay at your house in Virginia, and twice I have been at
your home in Illinois. Thank you for your overwhelming involvement in my education
and project. It has been an experience of a lifetime.
Finally, I would like to thank my family and friends who kept bothering me with
your social activities even though you could very well see that I was busy doing a PhD.
Thanks to my beautiful wife Herdis Gudbrandsdottir for always believing in me, and
telling me that you did, when I was whining about my own incompetence. I was never
an Einstein or an Euler, not now nor as a kid. I always had to struggle with the math.
Unfortunately, most people give up this fight. One of the reasons I did not give up was
my father Leif Rønby and his persistent help (despite my often frustrated ingratitude)
all the way from elementary school to the first years of university. Without your help
this thesis would not have seen the light of the day.

Johan Roenby
johan.roenby@gmail.com

Revised version
This revised version only differs from the submitted and defended thesis by a number of minor typographical corrections, and by the inclusion of the recommendation
from the assessment committee, which has been included in Appendix B.

iii

Contents
Preface

i

1 Introduction
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1
1
2

2 Body motion in planar ideal fluid
2.1 Potential flow in the plane . . . . . . . . .
2.1.1 The potentials and stream function
2.1.2 The body contour . . . . . . . . .
2.1.3 The flow induced by body motion
2.2 Free body motion . . . . . . . . . . . . . .
2.2.1 Momentum balance . . . . . . . .
2.2.2 Equations of motion . . . . . . . .
2.2.3 Kinetic energy conservation . . . .
2.2.4 Integrability . . . . . . . . . . . . .
2.2.5 Hamiltonian structure . . . . . . .
2.2.6 Types of body motion . . . . . . .
2.3 On the atmosphere of a moving body . . .
2.3.1 The notion of an atmosphere . . .
2.3.2 Numerical experiments . . . . . . .
2.3.3 Erratum . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

4
4
4
7
9
14
14
18
19
21
21
23
26
27
29
33

3 Point vortex dynamics
3.1 Point vortices in unbounded ideal fluid
3.1.1 Conserved quantities . . . . . .
3.1.2 The 2-vortex problem . . . . .
3.1.3 The 3-vortex problem . . . . .
3.1.4 Chaotic motion of 4 vortices . .
3.2 Point vortices near a stationary body .
3.2.1 Complex potential . . . . . . .
3.2.2 Vortex motion . . . . . . . . .
3.2.3 Impulses . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

34
34
37
41
42
50
50
50
52
54

iv

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

CONTENTS

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

56
57
57
58
59
60

4 Body-vortex interactions
4.1 Equations of motion . . . . . . . . . . . . . . . . . .
4.1.1 Hamiltonian structure . . . . . . . . . . . . .
4.1.2 Body acceleration . . . . . . . . . . . . . . .
4.1.3 Relative equilibria . . . . . . . . . . . . . . .
4.1.4 Historical development . . . . . . . . . . . . .
4.2 Integrable body-vortex interactions . . . . . . . . . .
4.2.1 Ω conservation for circular body . . . . . . .
4.2.2 Uniform circle and one vortex . . . . . . . . .
4.2.3 Arbitrary body, one vortex, and P = Γ = 0 .
4.2.4 Uniform circle, two vortices, and P = Γ = 0 .
4.3 Chaotic body-vortex interactions . . . . . . . . . . .
4.3.1 Uniform ellipse and one vortex . . . . . . . .
4.3.2 Body mass variations . . . . . . . . . . . . .
4.3.3 Nonuniform circle and one vortex . . . . . . .
4.3.4 Uniform ellipse, two vortices, and P = Γ = 0

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

61
61
63
66
66
67
69
69
70
76
76
77
78
88
89
93

3.3

3.2.4
3.2.5
Point
3.3.1
3.3.2
3.3.3

Force on the body . . . . .
Integrability and chaos . . .
vortices near a moving body
Hamiltonian 6= Energy . . .
Impulses . . . . . . . . . . .
Integrability and chaos . . .

5 Summary and outlook

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

98

Bibliography

101

A Publications

105

B Recommendation

110

v

1

Introduction
1.1

Motivation

In this project we study the fundamental dynamics of a rigid body moving through a
fluid. This problem is intriguing from a fundamental point of view as a generalisation
of the rigid body motion in vacuum with surprisingly rich dynamics appearing in the
presence of an ideal fluid. It is also a first step for gaining a better qualitative understanding of more complicated systems such as flying and swimming of animals and the
aerodynamic behavior of man-made structures such as airplanes and wind turbines.
Many flow situations in nature and technology involve a rigid body and a system of
vortices, e.g., for steady flow the well known and ubiquitous vortex street wake named
for von Kármán. The interaction of these vortices and the body producing them is a
problem of great practical interest since it determines key aspects of the drag and lift
experienced by the body. For some recent experiments showing the variety of wake
structures possible behind a body in oscillatory motion see [Schnipper et al., 2009].
In general, real flows of this kind are (somewhat) three-dimensional. Viscous effects
are important, both in producing the vortices and in eventually dissipating them. The
vortices are usually most compact and clearly defined close to where they are produced,
and then gradually lose definition. The full Navier-Stokes equations describing such
problems can only be addressed by detailed numerical simulations. Even here simplified
models accounting for small scale behavior and 3D effects are often needed in order to
obtain a numerically tractable problem.
The philosophy of the current PhD project is that a more fundamental understanding of the mechanisms involved can be obtained by studying models of the system
simplified to a level where analytical methods become applicable. We thus consider
a time-honored idealisation of the two-dimensional version of body-vortex interaction
which, in its essentials, goes back to von Kármán’s modelling of the vortex street wake:
First, the fluid is assumed incompressible and inviscid. Second, we assume plane potential flow except for a finite number of point vortices with assigned and invariable
circulations. These vortices are intended to model vortices that either were created by
vortex shedding from the body, as described above, or were produced elsewhere in the
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1.2 Outline

fluid and now affect the body in question. A key feature of our modelling is that the
body is free to move under the influence of the fluid with the embedded vortices, and
through the linear and angular momentum imparted to it initially. The advantage of
this idealisation is that the system of coupled PDEs for the fluid motion and ODEs
for the body motion reduces to an autonomous system of ODEs for the motion of the
body and however many point vortices are introduced. This reduction corresponds to
a kind of “weak solution” to the Euler equations with embedded vorticity and moving
boundaries. The aim of this project is to study the qualitative behavior of this model
system. The computational power needed to solve the system of ODEs numerically is
next to nothing compared to full scale Navier-Stokes simulations. More important, the
finite dimensionality allows us to apply several powerful tools from dynamical systems
theory. For instance, as we shall show later, the system is Hamiltonian with a number
of completely integrable special cases. Understanding these integrable cases, and the
chaotic behavior that may occur when the system deviates slightly from them, may give
useful ideas about how to understand the transitions between regular and chaotic motions often observed in real fluid-structure interactions. An example of such transitions
is seen in the falling of a plate through water as reported in [Andersen et al., 2005].
The motion of the plate in these experiments is driven by gravity. In the current work
we will not consider gravity, since this will constitute a source of diverging energy that
will force us to introduce some kind of ad hoc drag term in our modelling. The beauty
of our modelling is exactly that there are no ad hoc terms. Everything is derived from
first principles (i.e. the incompressible Euler equations), the only assumption being
that the vorticity is initially concentrated in a number of isolated points.

1.2

Outline

In Chapter 2 we derive the equations of for potential flow around a moving rigid body in
an unbounded ideal fluid. We then consider the free motion of such a body demonstrating its integrability and the different types of motion. Although this is classical results,
presenting it here serves to introduce notation, sign conventions etc. used throughout
the thesis. Studying it in detail has also led to the new discovery of an atmosphere
of fluid particles around an elongated freely moving body whose motion is dominated
by rotation. This result is presented in [Roenby and Aref, 2010b] and at the end of
Chapter 2. In fact, one may view the entire Chapter 2 as an extended version of this
paper. The atmosphere is demonstrated to contain both regular and chaotic regions.
Thus, Chapter 2 introduces the three qualitative types of motion that we will consider
throughout the thesis: 1) Integrable motion, 2) nonintegrable but regular motion, and
3) nonintegrable and chaotic motion. The integrable motion is exemplified by the body
motion, while the regular and chaotic motion is exemplified by the behavior of the fluid
particles in the atmosphere. We do not go into details about the strict definitions of
chaos, regularity and integrability, but rather introduce these concepts via the examples given. For the mathematical definitions the reader is referred to dynamical systems
textbooks such as Tabor [1989], Wiggins [2003] and Meiss [2007].
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1.2 Outline

In Chapter 3 we initially discard the body and consider the sole dynamics of the
other constituents of our system: The point vortices. We go from the 2-vortex problem to the 4-vortex problem discussing and demonstrating integrability, chaos, relative
equilibria, and other important features of the motion. Except maybe for the visualisation of the chaotic 3-vortex atmosphere in Section 3.1.3, all this is classical material.
It is mostly included for completeness and to give yet another introductory example
of the transitions between chaos, regularity and integrability that we aim to study for
body-vortex interactions. The natural next step for reaching this goal is to reintroduce
the body, not as a dynamical object, but as a stationary obstacle that modifies the
vortex equations of motion. In the final Section 3.3 we generalise the vortex equations
of motion to the situation where the body moves in some prescribed, possibly timedependent, manner without caring about how this motion is generated. Throughout
this gradual generalisation of the vortex equations of motion we discuss the transitions
between chaos and integrability in relation to the gradual loss of constants of motion,
or invariants, of the system. The most interesting and (I believe) new result of this
chapter is the way we express the impulses and the forces on the body in the presence
of the vortices.
In Chapter 4 we finally write up the coupled system of ODEs for the body and
vortices when the body is free to move in the fluid. With the results from the previous
two chapters at hand, in particular the impulse expressions from Chapter 3, this is not
a difficult task. This is because the fluid flow and hence the impulses at any instant
are linear in the different contributions from the vortices and the body. We then
show that the system is Hamiltonian and discuss relative equilibria. In Section 4.2 we
analyse a number of integrable special cases such as the case of one point vortex and a
circular body of homogeneous mass distribution. Finally in Section 4.3 we investigate
the occurrence of chaotic body-vortex interaction. These investigations are the main
new results of this thesis and include the work presented in [Roenby and Aref, 2010a]
and [Roenby and Aref, 2011]. Much of the remaining content of this chapter is work
in progress, which I have had to flush due to time constraints. There are many loose
ends but also, I believe, a number of new results which may, in due time, be matured
to a level worthy of publication.
In Chapter 5 we summarise our findings and suggest interesting routes one could
follow, if one wants to dig deeper into this system.

3

2

Body motion in planar ideal fluid
In this chapter we first give a short introduction to the theory of potential flow in the
plane. We then apply the theory to find the flow generated by the motion of a rigid
body of arbitrary shape in an unbounded ideal fluid. We employ conservation of linear
and angular momentum of the body-fluid system to obtain the equations of motion
for unforced motion of a rigid body of arbitrary shape and mass distribution. It is
demonstrated that the body equations of motion are Hamiltonian and integrable, and
we discuss the steady states, their stability, and the different types of body motion. All
these are classical results which may be found in textbooks such as [Milne-Thomson,
1968]. They are included here partly to establish notation and partly to make the
text self-contained. In the final section we apply the presented classical equations to
demonstrate a genuinely new result, namely the possibility of an “atmosphere” of fluid
particles following the rigid body in its motion through the fluid. This fluid atmosphere
contains both regular and chaotic regions and so the chapter exemplifies both the notion
of integrability – via the body motion – and the notions of regular and chaotic motion
via the fluid behavior in the atmosphere. The insights obtained in this chapter prepare
the ground for an understanding of the much more complicated behavior when the
body interacts with vortices in the fluid. The chapter is essentially an extended version
of the paper “On the atmosphere of a moving body” [Roenby and Aref, 2010b], the
extension consisting of a pedagogical introduction to classical results that we assumed
the reader to be familiar with in this paper.

2.1
2.1.1

Potential flow in the plane
The potentials and stream function

The basic equations from which we shall derive our flow model are the Euler equations
and the incompressibility condition for a velocity field restricted to the plane,
Du
= −∇p,
Dt
∇·u=0

ρf
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(2.1a)
(2.1b)
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Here ρf is the fluid mass density assumed to be constant, u(z, t) = (u1 , u2 ) is the fluid
velocity, and p(z, t) is the pressure at the point z = (x, y), and at time t. As usual
the operator D/Dt = ∂/∂t + u · ∇ is the material (or convective) derivative, where
∇ = (∂/∂x, ∂/∂y) is the gradient operator.
At any given instant of time we may consider the instantaneous streamlines. These
are the curves that are everywhere tangent to the vector field u(z, t). Since there are
no sources or sinks and the fluid is assumed incompressible, the streamline pattern
is well-behaved: Streamlines must either be closed curves (including singular points),
move off to infinity, or end at saddle points. They cannot spiral in or out, and we can
therefore think of them as the contours of a stream function ψ(x, y, t). To define ψ we
must specify its value on the different streamlines since if ψ is a constant along the
streamlines, so is 12 ψ and ψ 3 , etc. We define ψ up to an arbitrary constant by requiring
its variation across streamlines to equal the flow speed. We may then write


∂ψ ∂ψ
,−
= ∇ψ × k̂,
(2.2)
u=
∂y
∂x
where k̂ is the unit vector pointing out of the flow plane, i.e., if z = xx̂ + yŷ, then
k̂ = x̂×ŷ. The vector k̂×u = ∇ψ is simply u rotated 90 degrees in the counterclockwise
direction.
We define the vorticity as the rotation of the velocity field,
ω ≡ k̂ · ∇ × u.

(2.3)

Using the vector identity u · ∇u = 21 ∇|u|2 − u × ∇ × u, the Euler equation (2.1a) may
be written


∂u
1 2
p
+∇
|u| +
= ωu × k̂.
(2.4)
∂t
2
ρf
If, in some region the flow is irrotational, that is ω = 0, then the right hand side of
Eq. (2.4) vanishes. We may then define a potential function φ(x, y, t) satisfying


∂φ ∂φ
u=
,
= ∇φ,
(2.5)
∂x ∂y
which, upon insertion in Eq. (2.4), makes the entire left hand side the “gradient of
something”. Integrating this equation with respect to x and y one obtains the unsteady
Bernoulli equation,
∂φ 1 2
+ |u| + p/ρf = C(t),
∂t
2
where C(t) is a constant of integration which may be an arbitrary function of time.
Now comparing Eqs. (2.2) and (2.5), we see that
∂φ
∂ψ
∂φ
∂ψ
=
and
=− .
∂x
∂y
∂y
∂x
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(2.6)
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If we define the complex potential w ≡ φ + iψ, then Eqs. (2.6) are simply the CauchyRiemann condition for w to be a holomorphic function (see §5.30 in [Milne-Thomson,
1968]). If we regard w as a function of the complex position and its complex conjugate,
z = x + iy

and

z = x − iy,

rather than of

1
1
x = (z + z) and y = (z − z),
2
2
then the Cauchy-Riemann equations guarantee that w is only a function of z, i.e.,
that w(z, z) = w(z). Therefore the derivative, dw/dz, is well-defined in the domain of
interest. It may then be verified that Eqs. (2.2) and (2.5) are equivalent to1
u=

dw
,
dz

(2.7)

where we denote the velocity field in complex notation by u, so that u = (Re(u), Im(u)).
Finding the flow u for given boundary conditions is then equivalent to finding w. But
since w is holomorphic it satisfies the Laplace equation in the fluid domain, ∆w = 0.
This may be seen by noting that in complex notation the Laplace operator reads ∆ =
∂2
∇ · ∇ = 4 ∂z∂z
, and recalling that the z derivative of a holomorphic function is zero.
Alternatively, one may note that in terms of φ the incompressibility equation (2.1b)
reads ∆φ = 0, while the Laplacian of the stream function from Eqs. (2.2) and (2.3) is
seen to be
∆ψ = ∇ · (k̂ × u) = −ω.
(2.8)
Thus, for irrotational flow, we see that ∆w = ∆(φ + iψ) = 0. Finding the flow at
any instant is therefore simply a matter of solving the Laplace equation for w with the
appropriate boundary conditions at that moment of time.
A fluid which is inviscid, incompressible and in irrotational motion is called an ideal
fluid (Some authors also call it a perfect fluid, but we will not use that term here).
As is convention, we will use the terms irrotational flow, potential flow and ideal flow
interchangeably for this kind of flows. In this chapter we will exclusively deal with the
potential flow of a rigid body moving through a fluid.
Sometimes when one wants to exploit the tensorial nature of quantities i.e. their
independence of choice of coordinates, it is convenient to use vector notation instead of
complex notation. At other times, when one wants to use the powerful tools of complex
analysis in the treatment of potential flow theory, it is more natural to use complex
notation. A useful tool for switching between complex notation and vector notation is
the formula
ab = a · b + ia · k̂ × b,
(2.9)
where a = (Re(a), Im(a)) and b = (Re(b), Im(b)). Most physicists are used to the fact
that the products between two physical vectors a · b and a × b are independent of the
1

Many classical textbooks in hydrodynamics such as [Lamb, 1932] and [Milne-Thomson, 1968] use
the opposite sign convention in Eqs. (2.2) and (2.5), which results in u = − dw
.
dz
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choice of coordinate used to representation the vectors. The same can hardly be said
about Re(ab) and Im(ab) even though these are actually the same quantities. This
favors vector notation. On the other hand, I find it much more elegant to write aeiα for
a rotated an angle α, than to multiply a by a rotation matrix involving cos α and sin α.
In the special case α = π/2 we have k̂ × a = (Re(ia), Im(ia)). Throughout this thesis
we will change between vector and complex notation after convenience. The formula
(2.9) is the basic tool for this kind of conversions. As an example of its use, we have
for any stationary, closed curve C in the fluid that
I
I
I
1
dw
1
1
1
udz =
(u · ds + ik̂ · u × ds) =
dz =
(ΓC + iΦC ). (2.10)
2πi C dz
2πi C
2πi C
2πi
Here, in the first equality we have employed Eq. (2.7), and in the second equation (2.9)
has been used.1 The real quantities ΓC and ΦC are, respectively, the net circulation
around the curve and the net fluid flux out of the area enclosed by the curve. The
message of Eq. (2.10) is that these two important quantities may be obtained simply
as the real and imaginary part of the residue of dw/dz with respect to the curve C.
Because of incompressibility (and the absence of sources, where fluid is created and
sinks where fluid disappears) ΦC is zero for any stationary, closed curve.

2.1.2

The body contour

When dealing with a body moving in a fluid there is a contour of special importance,
namely the contour separating the fluid region F from the region occupied by the body,
B. We will denote this curve C, and since the body is assumed rigid, the shape of C
is fixed, while its position and orientation may change with time, as the body moves
around in the fluid. The body contour may be parameterised at time t as
C = z0 (t) + f (eiχ )eiθ(t) ,

0 ≤ χ < 2π,

where z0 (t) = x0 (t) + iy0 (t) is a point that may initially be chosen at will, but which
moves as if rigidly attached to the body. The angle θ(t) gives the orientation of the
body relative to the laboratory frame. The function f (ζ) is a conformal mapping
(see e.g. p. 200 in [Needham, 1999]) giving the physical body shape in terms of the
parametrisation of a unit circle in a secondary, complex ζ-plane, which we will denote
the mapped plane. By Riemann’s mapping theorem, the conformal mapping f (ζ) exists
for any simply connected body shape such that |ζ| < 1 maps to the region B occupied
by the body, while |ζ| > 1 maps to the fluid region F.
One important family of body shapes that will be used as an example throughout
this thesis is defined by the Joukowski transformation


a2
f (ζ) = R ζ +
,
(2.11)
ζ − ζ0
1

Throughout this thesis we will use the convention that line integrations around closed curves are
performed in the counterclockwise direction. For any closed curve we define the unit tangent vector t̂
pointing in the counterclockwise direction around the curve, and we also define the unit normal vector
n̂ ≡ t̂ × k̂, which points out of the area enclosed by the curve. Not stating these conventions explicitly
often gives rise to ambiguities and sign errors.
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Figure 2.1: Joukowski body shapes. The profiles are the transformations of the
unit circle under Eq. (2.11). In each panel four overlapping profiles are shown with a
increasing from 1/5 to 4/5 in steps of 1/5 when going from tall and red profiles to long
and blue profiles. All profiles in the bottom row are mirror symmetric in the horizontal
axis since Im(ζ0 ) = 0. Profiles on the diagonal are mirror symmetric in the vertical axis
since Re(ζ0 ) = 0. The value of |ζ0 | increases from left to right, the left most profiles being
ellipses with ζ0 = 0, and right most profiles having |a + ζ0 | = 1 resulting in a cusp.

where the parameter 0 ≤ a ≤ 1, and ζ0 is complex. When ζ0 = 0 the body contour
f ({|ζ| = 1}) obtained from the unit circle is an ellipse of eccentricity 2a/(1 + a2 ).
Hence a = 0 corresponds to a circle of radius R, while a = 1 produces a flat plate
between ±2R. Nonzero real part of ζ0 breaks the horizontal symmetry of the body,
while nonzero imaginary part of ζ0 breaks the vertical symmetry. To avoid self-crossing
of the body contour, we must have |a ± ζ0 | ≤ 1 with equality resulting in a cusp on
the body contour. An overview of the body shapes that can be produced with the
Joukowski transformation is shown in Fig. 2.1.
We define a body-fixed frame, a system of coordinates, z̃ = x̃ + iỹ, that follows the
body in its motion, i.e., the origin of these coordinates is at z0 (t) and the coordinate
axes rotate with the body so that the x̃-axis at every instant of time is tilted an angle
θ to the laboratory x-axis. The transformations of coordinates from the mapped plane
and the laboratory frame to the body-fixed frame are
z̃ = f (ζ) = (z − z0 )e−iθ .

(2.12)

From this we can also write the coordinate transformations


z = z0 + z̃eiθ = z0 + f (ζ)eiθ and ζ = f −1 (z̃) = f −1 (z − z0 )e−iθ .
It is convenient to choose f (ζ) such that z̃ and ζ are identical far from the body, save
for a scaling factor R as in Eq. (2.11).
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Since the body may move around in the fluid, z0 is a function of time. We will
denote the instantaneous translational body velocity by
v0 (t) ≡ U (t) + iV (t) ≡ ż0 (t).
Similarly, the body may rotate, making θ a function of time. We denote the instantaneous body angular velocity by
Ω(t) ≡ θ̇(t).
In addition to the laboratory frame and the body-fixed frame it is convenient to
introduce an aligned frame which we will mark by a hat, ẑ = x̂ + iŷ. This frame is
stationary and has the same origin as the laboratory frame, but is tilted so as to be
aligned with the body-fixed frame at any instant. For example for the instantaneous
body position and velocity we have the coordinate transformation formulas
ẑ0 = x̂0 + iŷ0 = z0 e−iθ and v̂0 = Û + iV̂ = v0 e−iθ .
The vectors with components equal to the real and imaginary part of z̃, z0 , v0 , v̂0 etc.
will be denoted by the corresponding boldfaced symbols z̃, z0 , v0 , v̂0 etc.

2.1.3

The flow induced by body motion

We are now ready to find the flow in the fluid set up by the motion of the body.
In ideal flow theory the boundary condition on the surface of a rigid body is the
impermeability condition, which says that the fluid cannot cross the surface. In other
words, the component of the fluid velocity normal to the boundary should match the
normal velocity of the boundary. In contrast to the no-slip condition of more realistic
viscous flows, we pose no conditions on the fluid velocity tangential to the boundary.
For the body moving with linear velocity v0 (t) and angular velocity Ω(t) around z0 (t)
the impermeability condition reads


n̂ · uM (z, t) = n̂ · v0 (t) + Ω(t)k̂ × (z − z0 (t))
for z ∈ C.
(2.13)
Far from the body we require the flow to vanish, i.e., uM (z, t) → 0, when |z| → ∞.
From Eq. (2.7) we know that finding uM (z, t) is equivalent to finding a complex potential function wM (z̃, t), which is holomorphic in the fluid region. This is again equivalent to finding the complex potential in the mapped plane coordinates, WM (ζ, t) ≡
wM (f −1 (z̃), t), which is holomorphic for |ζ| > 1. The velocity field is then obtained by
uM (z, t) =

dwM
dWM
dz̃ dζ dWM
e−iθ(t) 0
=
=
= 0
W (ζ, t).
dz
dz
dz dz̃ dζ
f (ζ) M

(2.14)

Here in the last equation the prime denotes differentiation with respect to ζ, and we
have used Eq. (2.12) to rewrite dz̃/dz and (dz̃/dζ)−1 . In the following we describe a
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method for obtaining the function WM (ζ) such that uM from Eq. (2.14) vanishes at
infinity and satisfies (2.13) at the body contour.1
We first write the boundary conditions in terms of the stream function, ψM . If uM
is to approach zero when |z| → ∞, then ψM must approach a constant at infinity. On
the boundary of the body we can write the boundary condition (2.13) as
n̂ · uM = n̂ · (∇ψM × k̂) = t̂ · ∇ψM

C,

on

(2.15)

Equating the right hand sides of (2.13) and (2.15), and integrating with respect to z,
one obtains the boundary condition
1
ψM = z · k̂ × v0 (t) − Ω(t)|z − z0 (t)|2 + C(t)
2

for

z ∈ C.

(2.16)

Here C(t) is a function of time that may be chosen at will, and which does not influence the velocity field since its gradient is zero. Note, however, that for any dynamic
equations involving ψM directly (as the ones derived in Chapter 4) the choice of C(t)
will be of importance. A convenient choice for this function is C(t) = −z0 (t) · k̂ × v0 (t).
With this choice ψM in (2.16) is a function only of the position of a point relative to
the body, z̃, as we might expect it to be. Using this expression for C(t) and Eq. (2.9),
we may write the boundary condition (2.16) in complex notation,
1
ψM = (z − z0 ) · k̂ × v0 − Ω|z − z0 |2
2
 1
1
=
v̂0 z̃ − v̂0 z̃ − Ωz̃ z̃ for z̃ ∈ f ({|ζ| = 1}).
2i
2

(2.17)

The advantage of writing the stream function in vector notation, as in the first equation
here, is that it is then clear that ψM is independent of the choice of coordinates, since
this is the case for the vector products in the expression. This is exploited in the second
equation, where we go to complex notation, to write ψM in terms of the body-fixed
coordinates.
We want to write ψM in terms of ζ, and from Eq. (2.12) this may be done by
replacing z̃ by f (ζ) everywhere in Eq. (2.17). The resulting function may be written
ψM =

1
1
(v̂0 f (ζ) − v̂0 f (ζ)) − Ωf (ζ)f (ζ),
2i
2

for

|ζ| = 1.

(2.18)

Here we have defined
the complex conjugate of a function f (ζ) ≡ f (ζ), such that

z̃ = f (ζ) = f ζ . Since Eq. (2.18) is only valid for |ζ|2 = 1, or equivalently for
ζ = 1/ζ, we may replace ζ by 1/ζ,
ψM =

1
1
(v̂0 f (ζ) − v̂0 f (1/ζ)) − Ωf (ζ)f (1/ζ),
2i
2

1

for

|ζ| = 1.

(2.19)

The method presented here is essentially identical to the one presented in §9.63 of [Milne-Thomson,
1968], except that we generalise to situations where it is not necessarily ζ = 0 which maps to z = ∞.
This requires us to use partial fraction expansion to obtain a closed form expression for the flow field.
The method is also equivalent to applying a modified version of the Schwarz formula given in §11.2 of
[Milne-Thomson, 1968]. See also the nice treatment in chapter 1 of [Sedov, 1965].
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Suppose now that we define the auxiliary function Ψ(ζ) which is defined in the whole
mapped plane by the expression (2.19). This is a function only of ζ, and not of ζ, but
it will in general have singularities, or poles, both inside and outside the unit circle.
It is therefore not in general holomorphic in the fluid region. For given choice of f (ζ)
we may, however, expand Ψ(ζ) in partial fractions, such that it becomes a sum of
terms which are either singular inside the unit circle, singular outside the unit circle,
or constant. We may then write Ψ = Ψi + Ψo , where Ψi includes all the terms in
the expansion that are nonsingular inside the unit circle. Ψi is therefore holomorphic
inside the unit circle. Ψo , on the other hand, consists entirely of terms that are singular
inside the unit circle, and it is therefore holomorphic outside the unit circle. Recall
that we are looking for a function WM (ζ) which is holomorphic outside the unit circle
and satisfying
Im[WM (ζ 0 )] =

1
(WM (ζ 0 ) − WM (1/ζ 0 )) = Ψi (ζ 0 ) + Ψo (ζ 0 )
2i

for

|ζ 0 | = 1.

0

We may multiply this equation by π(ζdζ0 −ζ) , where ζ is outside the unit circle, and
integrate around |ζ 0 | = 1,




I
I
1
WM (ζ 0 ) WM (1/ζ 0 )
1
2iΨi (ζ 0 ) 2iΨo (ζ 0 )
0
−
dζ =
+ 0
dζ 0 (2.20)
2πi |ζ 0 |=1 ζ 0 − ζ
ζ0 − ζ
2πi |ζ 0 |=1 ζ 0 − ζ
ζ −ζ
Here WM (ζ 0 ) is by assumption holomorphic outside the unit circle. Then WM (1/ζ 0 )
must be holomorphic inside the unit circle. Therefore, by Cauchy’s formulas for holomorphic functions inside and outside a bounded domain (see §5.59-5.591 in [MilneThomson, 1968]), the integral over WM (ζ 0 ) becomes WM (∞) − WM (ζ), while the integral over WM (1/ζ 0 ) vanishes. Similarly, Ψi is holomorphic inside the unit circle, and
Ψo is holomorphic outside the unit circle. Therefore the integral over Ψi in Eq. (2.20)
vanishes, while the integral over Ψo becomes 2i(Ψo (∞) − Ψo (ζ)). In summary we get
from Eq. (2.20) that the flow induced by a body of shape f ({|ζ| = 1}) is given by
WM (ζ) = 2iΨo (ζ),
where we have ignored the constant WM (∞) − 2iΨo (∞), which is unimportant for the
resulting flow uM . We recall that Ψo consists of all the terms in the partial fraction
expansion of Eq. (2.19) that are singular inside the unit circle.
As a concrete example, we may apply the method just described to the Joukowski
profiles of Eq. (2.11). Using e.g. Maple or Mathematica it is not difficult to find



v̂0 a2
v̂0
iΩRa2 1
ζ0 a 2
WM (ζ) = R − +
−
+
.
(2.21)
ζ
ζ − ζ0
ζ − ζ0 ζ
1 − |ζ0 |2
Unit potentials, stream functions and velocity fields
Due to the linearity of the boundary value problem of potential flow theory the flow
is always simply the sum of the contributions from the different sources. There is no
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nonlinear coupling between the different contributions. We may therefore define the
unit complex potential, ŵ1 (ζ), associated with body motion of unit velocity along the
x̃-axis, and similarly, the unit potentials ŵ2 (ζ) and ŵ3 (ζ) associated, respectively, with
body motion of unit velocity along the ỹ-axis and with unit angular velocity of the body
around z0 . From Eq. (2.21) we can immediately read off the complex unit potentials
for the Joukowski profiles of Eq. (2.11),




1
1
a2
a2
ŵ1 = −R
, ŵ2 = −iR
,
−
+
ζ
ζ − ζ0
ζ
ζ − ζ0
(2.22)


iR2 a2 1
ζ0 a2
ŵ3 = −
.
+
ζ − ζ0 ζ
1 − |ζ0 |2
The total velocity field (2.14), when the body moves with velocity (Û , V̂ , Ω), may then
be written simply as the sum
uM (z, t) =

e−iθ(t)
[Û (t)ŵ10 (ζ) + V̂ (t)ŵ20 (ζ) + Ωŵ30 (ζ)]ζ=f −1 (z̃) .
f 0 (ζ)

(2.23)

We will also define the vector
and the unit velocity fields,

V̂ ≡ (Û V̂ Ω),

ûj (ζ) ≡ ŵj0 (ζ)/f 0 (ζ), for j = 1, 2, 3.

(2.24)

This allows us to write the velocity field associated with motion of the body simply as
uM = e−iθ V̂j ûj .

(2.25)

Throughout this thesis we will use summation over repeated Roman lowercase indices
(but not over Greek indices which will be used for point vortex enumeration).
The streamlines obtained as the contours of the unit stream functions ψ̂j = Im(ŵj )
with j = 1, 2, 3, are shown for a particular Joukowski profile in the left column of
Fig. 2.2. The unit potentials and velocity fields are functionals of f (ζ) and have no time
dependence. All the time dependence is in the dynamical variables z0 (t), θ(t), v0 (t) and
Ω(t). For the unit potentials, unit stream functions, and velocity fields to be constant
in time, it is important to define them in the aligned coordinates, as we have done here.
The hats on the symbols remind us of this. We may also define “unhatted” unit stream
functions, ψj , aligned with the laboratory frame, such that
ψM = U ψ1 + V ψ2 + Ωψ3 = Û ψ̂1 + V̂ ψ̂2 + Ωψ̂3 .

(2.26)

From this we see that ψ3 = ψ̂3 , but that ψ1 and ψ2 are functions of time if the body is
rotating.
The velocity field induced by the body motion as observed from the body-fixed
coordinates must be ũ = û − v̂0 − iΩz̃. The stream function ψ̃M corresponding to this
velocity field must then be related to ψM by
1
ψ̃M = ψM + v̂0 · k̂ × z̃ + Ω|z̃|2
2
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Figure 2.2: Unit stream functions and unit velocity fields. Streamlines and velocity
vectors from the unit stream functions of a Joukowski profile with a = .9 and ζ0 = −0.06 −
0.2i. The left column shows the flows as seen from the laboratory frame, while the right
column shows the flows as seen from the body-fixed frame. The top row shows flow induced
by motion along the x̃-axis. In the middle row the body moves along the ỹ-axis. In the
bottom row the body rotates around z0 (black dot).

From this we may define the body-fixed unit stream functions
ψ̃1 = ψ̂1 − ỹ,

ψ̃2 = ψ̂2 + x̃

and

1
ψ̃3 = ψ̂3 + |z̃|2 .
2

(2.28)

The contours of these are shown in the right column of Fig. 2.2. A nice check on
Eqs. (2.22) is that the boundary of the body is a contour of the three body-fixed unit
stream functions.
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2.2

Free body motion

2.2.1

Momentum balance

When a body moves freely through a fluid, the only force it experiences is due to the
instantaneous imbalance in fluid pressure on its surface. If ds ≡ t̂ · ds is a small
segment of the body contour then the pressure force on the segment must be −n̂p ds.
Integrating this up over the whole body contour, we obtain the net force on the body,
I
F = − pn̂ ds,
(2.29)
C

where, as always here, the integration is in the counterclockwise direction and n̂ points
out of the body. This can be converted into an area integral over the fluid by use of
the following version of Green’s 1st identity,
Z
I
I
Z
∂h
∂h
∇g · ∇hdA =
g
ds −
g
ds −
g∆hdA.
(2.30)
A\B
∂A ∂n
∂B ∂n
A\B
Here g and h are twice continuously differentiable functions in the region A\B and
∂A and ∂B are the boundaries of the (possibly overlapping) regions A and B. The
derivative in the direction of the normal is defined as ∂/∂n ≡ n̂ · ∇.
To convert Eq. (2.29) into an area integral we now use g = p and h = z in Green’s
1st identity. Then the integrand on the left hand side of Eq. (2.30) becomes simply
∇p·∇z = ∇p, while for the right hand side integrands we have ∂z/∂n = n and ∆z = 0.
We therefore conclude from Eqs. (2.29) and (2.30) that
I
Z
I
Z
F = − pn̂ ds = lim
∇pdA −
pn̂ ds =
∇pdA.
(2.31)
C

A→R2

A\B

∂A

F

Here in the last equation we have assumed that the limit exists and that p approaches
a constant value far from the body. We can then substitute on the Euler equations
(2.1a) in the right hand side of (2.31) to write the force in terms of the velocity field,
Z
Z
Z
Du
d
F=
∇pdA =
−ρf
dA = −
ρf u(z, t)dA.
(2.32)
Dt
dt F
F
F
Here, in the last equality we have used the planar version of Reynolds transport theorem
(see p. 206 in [Acheson, 1990]) to bring the differentiation with respect to time outside
the integration. This is necessary because the part of the plane R2 occupied by the
fluid, F, changes as the body moves around in the fluid.
The integral on the right hand side of Eq. (2.32) is clearly just the total fluid linear
momentum. By Newton’s 2nd law the force on the body, F, is the rate of change of
body linear momentum, which we will denote Pb . Thus, we have simply shown, as one
might have anticipated, that for free body motion, the fluid plus body linear momentum
is conserved.
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We now find the torque on the body due to the surrounding flow. The contribution
from the pressure on a small segment of the boundary is k̂ · z × (−pn̂) ds = pz · ds.
Then we can use Stoke’s Theorem,
Z
I
∇ × a · k̂dA,
a · ds =
∂A

A

to write the torque on the body as
Z
Z
I
I
∇p × z · k̂dA. (2.33)
∇ × (pz) · k̂dA. = −
τ = k̂ · z × (−pn̂) ds = pz · ds = −
C

C

F

F

Here in the last equation we have used the vector identity ∇×(ab) = a∇×b+(∇a)×b.
We can now use the Euler equations (2.1a) to rewrite (2.33) to
Z
Z
Z
Du
D
d
τ k̂ =
ρf
× zdA = −
ρf
(z × u)dA = −
z × ρf udA.
(2.34)
Dt
Dt
dt F
F
F
In the middle equation we have used Dz/Dt = u, and in the last equation we have used
Reynolds transport theorem. The right hand side of (2.34) is simply minus the rate of
change of the fluid angular momentum. By Newton’s 2nd law τ is the rate of change
of the body angular momentum which we will denote Lb . The angular momentum lost
by the body in its interaction with the fluid must therefore be gained by the fluid and
vice versa.
In the following two subsections we will derive expressions for the body and fluid
momentum given the body shape, the mass distribution, and the body motion.
Body momentum
Let us denote the body mass distribution in body-fixed coordinates by ρ(z̃). We define the body mass m, the displacement of the centre of mass from z0 in body-fixed
coordinates z̃cm , and the moment of inertia I0 with respect to z0 , respectively, as
Z
Z
Z
1
m=
ρ(z̃)dA, z̃cm =
ρ(z̃)z̃dA, I0 =
ρ(z̃)|z̃|2 dA,
(2.35)
m B
B
B
The advantage of using body-fixed coordinates here is that z̃cm and I0 are constant
in time and are uniquely determined by the choice of body shape via f (ζ) and mass
distribution, ρ(z̃).
These parameters may be conveniently obtained by use of Stokes theorem in complex form (see [Milne-Thomson, 1968] §5.43, where it is called “the Area theorem”.).
It says that for any function, g(z, z) continuous and differentiable in F,
Z
I
∂g(z, z)
1
dA =
g(z, z)dz
(2.36)
∂z
2i ∂F
F
Suppose for instance that the body has homogeneous mass density, ρ(z̃) = ρb . Such
bodies we will call uniform. For these the body mass parameters may be found using
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Eq. (2.36) as the following residues involving only f (ζ),
I
1
m = ρb π
f (1/ζ)f 0 (ζ)dζ,
2πi |ζ|=1
I
ρb π 1
z̃cm =
f (1/ζ)f (ζ)f 0 (ζ)dζ,
m 2πi |ζ|=1
I

2
ρb π 1
f (ζ) f (1/ζ) f 0 (ζ)dζ.
I0 =
2 2πi |ζ|=1
For body shapes obtained from f (ζ) in Eq. (2.11), one finds
m = ρb πR2 (1 − 2 ),

z̃cm = −


2 R
,
ζ
+
ζ
0
0
1 − 2


1
I0 = ρb πR4 1 − 2|ζ0 |2 2 − 4Re(ζ02 )3 − (1 + 2|ζ0 |2 )4 ,
2

(2.37)

where we have defined  ≡ a2 /(1 − |ζ0 |2 ). For uniform body mass the centre of mass
z̃cm given here coincides with the geometric centre, or centroid, of the body,
R
z̃dA
.
(2.38)
z̃gc ≡ RB
B dA
The rigid body motion is û(z̃, t) = v̂0 (t) + iΩ(t)z̃ in B, and thus in terms of m, z̃cm ,
and I0 from Eq. (2.35), the body linear and angular momentum may be written as
Z
Pb =
ρudA = meiθ [v̂0 + iΩz̃cm ]
(2.39a)
B
Z
Lb =
ρIm[zu]dA = I0 Ω − mIm(z̃cm v̂0 ) + Im(z0 P b )
(2.39b)
B

In the last equation we have used the parallel axis theorem , i.e. that
Z
Z
Z
z × udA = (z − z0 ) × udA + z0 × udA.
Fluid impulse
As we shall now show the fluid linear and angular momentum of which we take the
time derivative in Eqs. (2.32) and (2.34) are not absolutely convergent when the fluid
extends to infinity. To see this let us first rewrite the linear momentum using Green’s
1st identity (2.30) with g = z and h = ψ. One finds
!
Z
Z
I
I
Z
∂ψ
∂ψ
udA =
∇z · ∇ψdA × k̂ = lim
z
ds − z
ds −
z∆ψdA × k̂.
A→R2
F
F
∂A ∂n
C ∂n
A\B
The last integral on the right hand side vanishes since by assumption ∆ψ = 0 in the
entire fluid region. The integration around C is clearly independent of how we take the
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limit A → R2 . The troublesome term is the first line integral around a contour ∂A
expanding to infinity. We may write
∂ψ
ds = n̂ · (k̂ × u) ds = −u · ds,
∂n

(2.40)

and e.g. from Eq. (2.21) we know that u falls off as 1/|z|2 . Since |zds| ∼ |z|2 the
value of the integral will depend on who we take the limit, i.e. it is only conditionally
convergent. If however, we take the limit in a manner that does not depend on time
the resulting value will be a (possibly infinite) constant, which vanishes when we take
the time derivative in Eq. (2.32). It is physically sound that our model of a body
interacting with an infinite fluid does not depend on the way we take the limit of the
fluid region going to infinity. On this basis we define, as did Kelvin, the fluid linear
impulse, Pf , which is the part of the momentum, that is relevant for the interaction
with the body,
I
∂ψ
f
P ≡ ρf
k̂ × z
ds.
(2.41)
∂n
C
With ψ = ψM this may be written in complex notation as
I
I
∂ψM
∂ψM
f
P = ρf
i(z − z0 )
ds + ρf iz0
ds,
∂n
C
C ∂n
where the last integral vanishes because the circulation around the body due to ψM
is zero (see Eq. (2.40)). Using the decomposition (2.26) of ψM into the unit stream
functions, and that on C we have i(z − z0 )e−iθ = −(ψ̂1 + iψ̂2 ) (see Eq. (2.16)) we can
write the linear impulse as
I
∂ ψ̂j
f
iθ
ds.
(2.42)
P = −ρf e V̂j (ψ̂1 + iψ̂2 )
∂n
C
Note how all the time dependence is taken out of the integration, which now only
depends on the body shape function f (ζ) via the unit stream functions.
In a similar manner we now define the fluid angular impulse, Lf . We first rewrite
the integrand on the right hand side of (2.34) in the following way,


1 2
k̂ · z × u = k̂ · z̃ × û + k̂ · ẑ0 × û = ∇ − |z̃| · ∇ψM + k̂ · z0 × u.
2
Therefore, setting g = − 12 |z̃|2 and h = ψ in Green’s 1st identity (2.30), we get
I
Z
I
1
∂ψ
1
∂ψ
k̂ ·
z × udA = lim
− |z̃|2
ds − − |z̃|2
ds
2
∂n
2
∂n
A→R2
F
∂A
C

Z
Z
1 2
udA .
−
− |z̃| ∆ψdA + k̂ · z0 ×
2
A\B
A\B
Here the very last integral is simply the linear momentum integral. As we have already
discussed, this should be replaced by the linear impulse, Pf . The other area integral
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in the bracket vanishes because ∆ψ = 0. The integration around C is independent of
the limiting process, and the integration around ∂A is only conditionally convergent.
Again, if we choose the limit in a time independent manner, the constant contribution
is immaterial, since we take the time derivative to calculate the dynamics. We therefore
define the fluid angular impulse,
I
1
∂ψ
f
L ≡ −ρf
− |z̃|2
ds + k̂ · z0 × Pf .
(2.43)
2
∂n
C
Inserting ψ = ψM = V̂j ψ̂j , and noting that on C we have ψ̂3 = − 12 |z̃|2 , the angular
impulse may be written in complex notation as
f

L = −ρf V̂j

I
ψ̂3
C

∂ ψ̂j
ds + Im(z0 P f ).
∂n

(2.44)

Here all the time dependence is in V̂ and the integrals are constants determined by the
body shape, f (ζ).

2.2.2

Equations of motion

The equations of motion can now be obtained by requiring that the body momentum
in Eqs. (2.39) plus the fluid impulses in Eqs. (2.42) and (2.44) are constants of the
motion, i.e.,
P ≡ P b (t) + P f (t) = constant and L ≡ Lb (t) + Lf (t) = constant.

(2.45)

We will refer to P = P1 + iP2 and L collectively as the impulses of the body-fluid
system.
We can exploit that the linearity of Eqs. (2.39), (2.42) and (2.44) in the body
velocity components to write the impulses in matrix form. Motivated by the fluid
impulses (2.42) and (2.44) , we first define the added (or virtual ) mass tensor with
elements in the aligned frame,
Âjk ≡ −

I
ψ̂j
C

∂ ψ̂k
ds
∂n

j, k = 1, 2, 3,

(2.46)

In this frame the elements are constants determined entirely by the choice of body
shape, f (ζ). The matrix is symmetric and we will use this property to make the
convention that the axes of the body-fixed and aligned coordinates is always such that
Â12 = Â21 = 0. We also define the effective mass tensor with elements in the aligned
frame,


m + ρf Â11
0
−mỹcm + ρf Â13
M̂ ≡ 
(2.47)
0
m + ρf Â22
mx̃cm + ρf Â23  .
−mỹcm + ρf Â13 mx̃cm + ρf Â23
I0 + ρf Â33
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It is then easily verified from Eqs. (2.39), (2.42) and (2.44) that the impulses in (2.45)
can be written jointly as




P̂
v̂0
= M̂jk
.
(2.48)
Ω k
L − Im(ẑ0 P̂ ) j
Here we introduce the nonstandard notation (v̂0 , Ω), which is a convenient way of
writing the 3-vector (Û , V̂ , Ω), when the first two elements are the real and imaginary
part of a complex number. Because the effective mass matrix is symmetric, it may
always be inverted. Writing v̂0 (t) = ż0 (t)e−iθ(t) and Ω(t) = θ̇(t) in the above equation,
it may be inverted to




P e−iθ(t)
ż0 (t)e−iθ(t)
−1
= M̂
(2.49)
θ̇(t)
L − Im(z0 (t)P )
We stress that it is P and L that are conserved by the body-fluid interaction, and not
P̂ = P e−iθ(t) and L − Im(z0 (t)P ). For instance the time derivative of P̂ is
d
˙
P̂ = (P e−iθ ) = P (−iθ̇)e−iθ = −iΩP̂ 6= Ṗˆ = 0.
dt

(2.50)

Since P , L are constants determined by the initial conditions and M̂ −1 is a constant
matrix determined by the body property, (2.49) are the equations of motion for free
body motion in an infinite ideal fluid. There are three, and not six equations, since we
have effectively exploited impulse conservation to get rid of the three equations for the
body acceleration.

2.2.3

Kinetic energy conservation

Since we do not add or subtract energy from the body-fluid system we also expect the
combined fluid plus body kinetic energy to be a conserved quantity. Using that the
rigid body motion inside the body is u = v0 + iΩ(z − z0 ), we can write the body kinetic
energy in terms m, z̃cm and I0 from (2.35) as
Z
1
1
1
b
(2.51)
T ≡
ρ|u|2 dA = m|v̂0 |2 + I0 Ω2 + mΩIm(v̂0 z̃cm ).
2 B
2
2
For the kinetic energy in the fluid we first note that the integrand may be written


dw(z) dw(z)
∂
dw(z)
2
|u| =
=
w(z)
dz
dz
∂z
dz
where we have used that w is independent of z. Using the complex Stoke’s theorem
(2.36), the fluid kinetic energy may therefore be written
Z
I
ρf
1
dw(z)
f
2
T ≡ ρf
|u| dA = −
w(z)
dz.
2
4i C
dz
F

19

2.2 Free body motion

Setting w = wM (z̃) = WM (ζ) = V̂j ŵj , this may be written
I
I
ρf
ρf
0
Tf = −
WM (1/ζ)WM
(ζ)dζ = − V̂j V̂k
ŵj (1/ζ)ŵk0 (ζ)dζ.
4i |ζ|=1
4i
|ζ|=1

(2.52)

In contrast to the fluid momentum, the fluid energy converges as we let the fluid extend
to infinity since |u|2 ∼ 1/|z|4 . We can also write the fluid energy using |u|2 = ∇ψ · ∇ψ
so that Green’s 1st identity (2.30) with h = g = ψM = V̂j ψ̂j gives
I
I
1
∂ ψ̂k
∂ψM
1
1
f
T = − ρf
(2.53)
ψM
ds = − ρf V̂j V̂k ψ̂j
ds = ρf V̂j V̂k Âjk .
2
∂n
2
∂n
2
C
C
In the last equation we have used the definition of the added mass tensor (2.46). Comparing Eqs. (2.52) and (2.53), we see that the added mass tensor may also be written
I
1
Âjk = −
(2.54)
ŵj (1/ζ)ŵk0 (ζ)dζ j, k = 1, 2, 3.
2i |ζ|=1
The advantage of this form is that finding the elements simply amounts to writing
the integrand in partial fraction form, and then identifying and including only the
residues inside the unit circle. As a concrete example we have calculated expressions
for the added mass tensor elements of the Joukowski profiles obtained from Eq. (2.11)
by using the unit complex potentials in Eq. (2.22) and Eq. (2.54). With the definition
 = a2 /(1 − |ζ0 |2 ) the elements read1

Â11 = πR2 [(1 − )2 + 2|ζ0 |2 ], Â13 = −πR3 Im(ζ0 )2 3 − 2|ζ0 |2 −  ,

(2.55)
Â22 = πR2 [(1 + )2 − 2|ζ0 |2 ], Â23 = πR3 Re(ζ0 )2 3 − 2|ζ0 |2 +  ,


Â33 = πR4 2 (2 − |ζ0 |2 ){1 + 2Re(ζ02 )} + |ζ0 |2 2 .
Adding the body energy (2.51) and the fluid energy (2.53) and using the definition
of the effective mass tensor (2.47), one can write the total kinetic energy2
1
H ≡ T b + T f = V̂j V̂k M̂jk .
2

(2.56)

To demonstrate that this is a conserved quantity of the free body motion (2.49), we
take the time derivative,
1
d
˙
Ḣ = M̂jk (V̂j V̂k ) = V̂j M̂jk V̂k ,
2
dt

(2.57)

where, in the last equation, we have used the symmetry of M̂ . To find the body
˙
acceleration V̂ we differentiate Eq. (2.48) with respect to time. This yields
 


−iΩP̂
v̂˙ 0
M̂jk
=
.
(2.58)
Ω̇ k
−Im(v̂0 P̂ ) j
1

In [Roenby and Aref, 2010b] these unfortunately appear without the factor π and with a sign error
in Â11 , see the erratum in Section 2.3.3.
2
We use the letter H because, as we will show below, it is the Hamiltonian for the body motion.
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˙
Inserting this for M̂jk V̂k on the right hand side of Eq. (2.57), we can show that the
energy is conserved,

  
v̂
−iΩP̂
(2.59)
Ḣ = 0
= −ΩRe(v̂0 iP̂ ) − ΩIm(v̂0 P̂ ) = 0.
Ω j −Im(v̂0 P̂ ) j
The equations of motion for free rigid body motion in a 3D ideal fluid were developed
by Kirchhoff and Kelvin in the last half of the 19’th century. They may be found in most
classical textbooks on fluid dynamics but in spite of their fundamental nature they have
not been given a name in either [Lamb, 1932], [Milne-Thomson, 1968] or [Batchelor,
1967]. Some authors call them the Kirchhoff-Kelvin equations, and we will adopt this
name here. It may be verified that Eqs. (2.58) are equivalent to the two-dimensional
version of the Kirchhoff-Kelvin equations.

2.2.4

Integrability

The original body motion phase space is 6-dimensional and is spanned by x0 , y0 , θ,
ẋ0 , ẏ0 and θ̇. We have now demonstrated that there are four constants of motion,
namely the two components of the linear impulse, the angular impulse, and the kinetic
energy. A solution curve is therefore confined to the intersection of four 5-dimensional
hypersurfaces, or submanifolds, in the 6-dimensional phase space. Provided that these
four manifolds are not “parallel” (loosely speaking), the solution curve is confined to a
2-dimensional submanifold. We can then in principle convert the equations of motion
to a set of phase space coordinates such that four of them are simply the four constants
of motion, and the remaining two, say, (X, Y ) span the 2-dimensional submanifold.
The equations of motion are autonomous, and so in these coordinates the equations of
motion are of the form Ẋ(t) = F (X, Y ; P, L, H) and Ẏ (t) = G(X, Y ; P, L, H). Here we
can regard P, L and H as parameters determining which 2-dimensional manifold the
solution curve belongs to. From the two equations of motion we can form a vector field
dY /dX = Ẏ /Ẋ on the submanifold, and solution curves are then simply obtained by
quadratures of this vector field. For general dynamical systems the solution curves may
spiral in towards (or away from) points of attraction (or repulsion) on the manifold. But
if the system is Hamiltonian phase space volume is conserved, and the behavior of the
solution curves are restricted much like the behavior of streamlines in 2D incompressible
flow: They may be expressed as contours of a function H(X, Y ), and we say that
the system is integrable. For a more stringent definition of integrability the reader is
referred to [Meiss, 2007]. In the following we demonstrate that the free body motion is
Hamiltonian and integrable with the energy serving as the Hamiltonian. We explicitly
demonstrate how a set of reduced coordinates can be constructed to form H(X, Y ).

2.2.5

Hamiltonian structure

With the proper choice of independent coordinates the kinetic energy serves as a Hamiltonian for the system. To see this choose the independent phase space coordinates to
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be (x̂0 , ŷ0 , θ, P̂1 , P̂2 , L). Differentiating the Hamiltonian (2.56) with respect to one of
these coordinates, q, we can write
∂ V̂j
∂H
1
1
∂
∂ V̂k
= M̂jk V̂j
+ M̂jk V̂k
= V̂j
∂q
2
∂q
2
∂q
∂q



P̂
L − Im(ẑ0 P̂ )


,

(2.60)

j

where we have used the symmetry of M̂ and substituted M̂jk V̂k from Eq. (2.48). Using
vector notation and setting q = ẑ0 , we thus find
∂H
dP̂
= (Û , V̂ , Ω)j (0, 0, k̂ × P̂)j = Ωk̂ × P̂ = −
.
∂ẑ0
dt
The last equality is simply the vector version of Eq. (2.50). Now setting q = P̂ in
Eq. (2.60), one finds
∂H
∂ P̂

= (Û , V̂ , Ω)j (I, −k̂ × ẑ0 )j = v̂0 − Ωk̂ × ẑ0 = −


Here we have defined the unit matrix I ≡

1 0
0 1

dẑ0
.
dt


. Finally setting q = θ and q = L

in Eq. (2.60) one finds, respectively,
∂H
dL
∂H
dθ
=0=−
and
=Ω=
.
∂θ
dt
∂L
dt
From these equations it is clear that the system is Hamiltonian with the conjugate
pairs of coordinates and momenta (x̂1 , P̂1 ), (x̂2 , P̂2 ) and (θ, L). As usual when we have
found canonical coordinates, the Poisson bracket structure is simply
[qj , qk ] = [pj , pk ] = 0 and [qj , pk ] = −[pk , qj ] = δjk ,

(2.61)

where q = (x̂0 , ŷ0 , θ) and p = (P̂1 , P̂2 , L). For a general set of phase space coordinates,
Q, the time derivative of any phase space function F (Q) is simply Ḟ = [F, H], where
the Poisson bracket of F (Q) with another phase space functions G(Q) is
[F, G] =

∂G
∂F
[Qj , Qk ]
.
∂Qj
∂Qk

When the phase space coordinates are canonical as in our case the time derivative of
F (q, p) is simply
dF
∂F ∂H
∂F ∂H
= [F, H] =
−
.
(2.62)
dt
∂qi ∂pi
∂pi ∂qi
From this we can rederive the equations of motion and conservation laws obtained in
Section 2.2.2 and 2.2.3.
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Figure 2.3: Steady free body rotation. Streamlines in the body-fixed frame for
uniform body with a = 0.9 and ζ0 = 0 (left) and ζ0 = −0.06 − 0.2i (right), cf. Eq. (2.11).
Body to fluid density ratio is ρb /ρf = 10. Stagnation points are marked by black dots and
heteroclinic orbits by dashed lines. The body centre of mass (coinciding with its geometric
centre for uniform bodies) is marked by a M. The centre of rotation is marked by a O and
z0 is marked by a +. All these points coincide for the ellipse.

2.2.6

Types of body motion

From the Kirchhoff-Kelvin equations (2.58) we see that there are two possibilities for
steady, free body motion: One where P = 0, and one where Ω = 0 and P ∝ v0 .
When P = 0 one finds from Eq. (2.48) that
Û = −

M̂13
M̂11

Ω, V̂ = −

M̂23
M̂22

Ω and L =

det(M̂ )
M̂11 M̂22

Ω

where in the last equation we have used that
2
2
det(M̂ ) = M̂11 M̂22 M̂33 − M̂22 M̂13
− M̂11 M̂23

Since when Ω 6= 0 the motion v̂0 +iΩz̃ of a point in the body may also be written iΩ(z̃ −
iv̂0 /Ω), we conclude that points in the body perform rigid body rotation with constant
angular velocity, Ω, around a centre of rotation which in body-fixed coordinates is z̃ =
M̂23 /M̂22 − iM̂13 /M̂11 . Since Û V̂ and Ω are constant the flow is clearly steady as seen
from the body-fixed coordinates (but not as seen from the laboratory frame). Examples
of such steady streamline patterns are shown in Fig. 2.3. In both examples the body is
assumed to have uniform mass density ρb = 10ρf . We note that ρb may in general both
be larger or smaller than ρf , with ρb /ρf < 1 corresponding to light or “bubble-like”
bodies (although our bodies do not deform), whereas ρb /ρf > 1 corresponds to more
conventional solid bodies embedded in the flow. In the limit ρb /ρf → ∞ the body
will not be influenced by the fluid forces. It will therefore propagate through the fluid
with whichever translational and angular velocities it is initiated. In particular for
the purely rotational motion considered here the point around which the body rotates,
M̂23 /M̂22 −iM̂13 /M̂11 , will approach z̃cm as expected. The bodies in Fig. 2.3 are chosen
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to have ρb /ρf = 10. This choice has no influence on the uniform ellipse in the left panel
for which the point of rotation coincide with the point of symmetry for any value of ρb .
For the steady free motion with 0 6= P̂ ∝ v̂0 and Ω = 0 we see from Eq. (2.48)
that there are two possibilities: Either P̂ = M̂11 Û while V̂ = 0, or P̂ = iM̂22 V̂ while
Û = 0. These steady free motions are therefore simply steady translation either along
the first or the second axis of the body-fixed coordinate system. We emphasize that
this conclusion follows from our choice of orientation of the body-fixed coordinates
such that Â12 = M̂12 = 0. To find the linear stability of these two purely translational
steady states we first choose the orientation of the laboratory coordinates such that P
is positive and real. From (2.48) we may then write the Hamiltonian (2.56) in terms of
the body orientation θ and its component perpendicular to P , i.e. Im [z0 P ] = −y0 P ,
in the following way,


cos θ
1
H/P 2 = (cos θ, − sin θ, L/P + y0 )M̂ −1  − sin θ  .
(2.63)
2
L/P + y0
A condition for steady state is
M̂ −1

∂H
∂y0

= 0. Using Cramer’s rule to express the elements of

in terms of the elements of M̂ one finds this stationarity condition to be
y0 =

M̂23
M̂22

sin θ −

Substituting this into the equation for
stationarity condition,

∂H
∂θ

M̂13
M̂11

cos θ −

L
.
P

= 0, one finds the necessary and sufficient

(M̂22 − M̂11 ) det(M̂ ) cos θ sin θ = 0.
For a general body shape and mass distribution we conclude that the steady states are
"
#
#
"
1
M̂13
L
1
M̂23
L
[θ, y0 ] =
π(1 ± 1), ±
−
−
and [θ, y0 ] = ± π, ±
.
2
2
M̂11 P
M̂22 P
The “−” solutions in each square bracket may be obtained from the “+” solution by
an inversion of the time. Therefore there are really only two unique solutions, θ− = 0
and θ+ = π/2. The value of y0 is inconsequential for the dynamics since we may
shift it by moving the laboratory coordinates up and down. We have therefore merely
rederived that the steady translations are along the first and second axis of the bodyfixed coordinate system where Â12 = Â21 = 0. To find the stability of these two steady
states we differentiate once again with respect to θ and y0 and form the Hessian. At
the two equilibria the Hessian takes the values
Hessian = ±(M̂22 − M̂11 ) det(M̂ )

π
for θ = θ± = (1 ± 1) .
4

(2.64)

The sign of this gives the linear stability of the equilibria with positive Hessian at a
stable equilibrium and negative Hessian at an unstable equilibrium. Evidently the two
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Figure 2.4: Types of free body motion. Top panel shows contours of the energy
landscape Eq. (2.63) with P = L = 1. The effective mass tensor is the one of a Joukowski
profile with a = 0.9 and ζ0 = −0.06 − .2i in Eq. (2.11) and uniform body density ρb = ρf .
Three numerically calculated orbits initiated at the triangles are shown with fat lines. The
corresponding centre of mass orbits in physical space are shown in the three panels below in
the same vertical order. Thin straight lines mark the body orientation at different positions
along the orbit. The body position at six times separated by even intervals are shown in
grey with the centre of mass marked by a triangle.
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solutions always have opposite linear stability (which one could also have concluded
from index theory for the energy contours in the (θ, y0 )-plane). For any body shape
there is an ellipse with the same M̂11 and M̂22 . In this sense the body has a major
axis and a minor axis coinciding with the corresponding axes of the ellipse. The stable
solution is always motion along the minor axis, while motion along the major axis is
unstable. Thus, if we start a body with its initial velocity pointing almost along its
minor axis, it will just wobble slightly while moving through the fluid. If, on the other
hand, we start the body with initial velocity slightly off the major axis, the body will
make large oscillations possibly going all the way around in its motion through the
fluid.
In the top panel of Fig. 2.4 we show an example of an energy landscape in the
(θ, y0 )-plane for a Joukowski profile with the stable and unstable equilibria marked by
black dots. The flow around the body in these steady translations are simply the unit
potentials visualised in the first two rows of Fig. 2.2. Examples of unsteady orbits
from this energy landscape are shown in the three bottom panels of Fig. 2.4. There
are essentially two types of motion separated by the heteroclinic orbits connecting the
unstable equilibria: A “tumbling” mode where the body rotates all the way around in its
motion towards the right and a “fluttering” mode where the body orientation just rocks
back and forth while the body moves through the fluid. In the uppermost trajectory
in Fig. 2.4 the body rotates clockwise in the “tumbling” mode, while the next panel
shows the body in the ´´fluttering” mode rocking back and forth in its motion towards
the right. The last panel in Fig. 2.4 shows a body tumbling in the counterclockwise
direction. It is remarkable that the motion in the reduced phase space only depends on
the choice of body shape and mass density via M̂ . Clearly there are entire families of
bodies having the same effective mass density but varying in shape and mass density.
Such bodies will traverse exactly the same orbits in the reduced phase space.
There are some special body shapes that we must mention. If M̂11 = M̂22 then
steady translation in any direction is a steady state. For a circular body this may seem
trivial since the unit potential associated with rotation of a circle is zero. There is
no coupling between the fluid and the body rotation. It is perhaps not so intuitively
clear that this holds even when the circular body has asymmetric mass density such
that z̃cm 6= 0. Furthermore, there are other bodies with M̂11 = M̂22 , namely those
with uniform mass density and 4-fold rotational symmetry. This family of bodies has
nonzero ŵ3 and it is not intuitively obvious that steady translation for such a body is
a steady state. The Hessian also vanishes for this family and we therefore cannot use
it to determine the stability. We will not go further into this subject here.

2.3

On the atmosphere of a moving body

Having demonstrated the integrability of the free body motion in planar ideal fluid, we
now turn our attention to the motion of fluid particles around the body. We explore
whether there are circumstances under which a body can carry a fluid “atmosphere”
with it in its motion. Somewhat surprisingly, the answer turns out to be “yes”: When
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the body is elongated and the motion is dominated by rotation, we demonstrate numerically that, indeed, regions of fluid follow the body in its motion. We see this as an
example of the stability of Kolmogorov-Arnold-Moser (KAM) tori. These observations
of an atmosphere around a moving body with no circulation around it appear to be
new.

2.3.1

The notion of an atmosphere

By the atmosphere of a moving body we mean a region of fluid (area or volume) that
moves alongside the body, as if bound to it, in its motion through the fluid. In this
sense the notion of an atmosphere was probably first used by Kelvin [Kelvin, 1867]
in connection with the fluid volume carried forward with a vortex pair or vortex ring
(see Chapter 3). Translating vortex patterns generally carry fluid with them. Here we
are interested in a related, even more immediate problem: If we launch a body on a
trajectory through fluid otherwise at rest, will it carry a region of fluid with it?
In a viscous fluid the answer would have to be “yes”. For example, consider a
circular body translating steadily. For a range of moderate Reynolds numbers the flow
is stationary when viewed from the reference frame moving with the body and a vortex
pair exists behind the cylinder. The fluid inside the separatrix enclosing this vortex
pair may be regarded as an atmosphere since it follows the body in its motion.
If the fluid is inviscid and we allow a finite circulation around a steadily translating
cylinder, we may also have a constant separatrix around the cylinder when viewed in a
co-moving frame. Again we may regard the fluid inside this separatrix as an atmosphere
of the moving body since its constituent fluid particles stay with the body forever. But
what if the fluid is inviscid and there is no vorticity and no circulation around the body?
Can fluid particles then be carried along with the body in its motion or are they, so to
speak, washed away as the body proceeds? Certainly for simple translational motion
of the body, as analysed by Maxwell [1869] for a translating circular cylinder with
no circulation around it, only the two particles sitting at the forward and rearward
stagnation points can be said to be carried along forever. We would hardly consider
these particles, even if augmented by the incoming forward stagnation streamline, to be
an atmosphere. For pure translation of a noncircular body the flow is simply obtained
from the circular case by a conformal mapping. Thus, for simple translational motion
of a body in an inviscid fluid the answer to our question would be “no”. Our notion of
an atmosphere implies areas or regions of fluid of finite area. Points, curves, and other
“sets of measure zero” do not constitute an atmosphere.
In general, however, the integrable motion of a noncircular body moving freely
in an inviscid fluid in response to the pressure force on its boundary both translates
and rotates as demonstrated in the previous section. As demonstrated in Fig. 2.3, for
sufficiently elongated body shapes the purely rotational steady “eigen mode” clearly
shows islands of fluid co-rotating with the body, each island surrounding an elliptical
fixed point. This is discussed in Lamb [1932], §72, where the important 1913 paper
by Morton [1913] is mentioned. Forty years later, the phenomenon was rediscovered
by Darwin [1953] in connection with his analysis of what is now called drift. Darwin
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Figure 2.5: Free body atmospheres. Poincaré sections for freely moving ellipse with
a = 0.9 in Eq. (2.11). The initial conditions are z0 (0) = θ(0) = 0, Ω(0) = 1 and (a)
v0 (0) = 0.01, (b) 0.03, (c) 0.05 and so on up to (i) 0.17. The atmosphere shrinks to just a
few islands and eventually disappears as the initial translational velocity is increased.

[1953] described the motion in the following way: “When the trajectories are considered
of the fluid surrounding a rotating body, it is shown that the fluid particles slowly
drift round the body, even though the motion is irrotational and without circulation.
There seems to be in some respects a closer resemblance between the behaviour of
the idealised hydrodynamic fluid and a real fluid than might be expected from the
well-known discrepancies between them.”
Dynamical system theory, in particular the KAM theorem [Tabor, 1989] then shows
that islands such as those around the elongated rotating body are stable to small
perturbations. Hence, we expect that for small departures from P = 0 (such that the
body rotates many times every time it has moved one “body length” in the direction of
P ), the islands found for the case of pure rotation will be partially stable, in the sense
that there will still be an area of fluid that follows the body in its motion. This area
constitutes the atmosphere. In the following we document the statements made here
with a number of numerical experiments.
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Figure 2.6: Atmosphere island structure. Zoom on atmosphere showing island above
ellipse for same initial conditions as in Fig. 2.5 except that v0 (0) = 0.2.

2.3.2

Numerical experiments

The numerical experiments are quite simple: A number of particles are started in an
array that sweeps through the initial positions of interest. Here we have chosen around
100 initial positions between ±3i on the imaginary axis of the ζ-coordinates. For each
return of the body to its initial orientation, θ = 0, the particle positions are plotted,
as if illuminated by a stroboscope set to the period of rotation of the body. Runs are
for a set time interval that translates into about 1000 revolutions of the body. The
linear and angular impulse of the system are strictly conserved in our numerics, since
these conservation laws are used as three of the equations of motion for the body. The
numerical integration was performed with the MATLAB ode45 solver with the relative
and absolute tolerance both set to 10−8 . It was verified that changing this by a factor of
10 did not alter the results presented here. The kinetic energy of the system, Eq. (2.63),
was conserved to one part in 109 or better. This rivals the precision that one would
have obtained by working with the exact solutions for the body motion.
Examples are shown in Fig. 2.5 in the case of an elliptic body. A scatter plot
generated in this way is a Poincaré section in the sense of dynamical systems theory
with one difference: Since particles that are eventually left behind are not part of
the atmosphere, all points contributed to the Poincaré section up to the end of the
calculation by such a particle are deleted if the particle leaves the region around the
body. Thus, a particle that stays with the body for, say, 900 revolutions but is lost
after revolution 901 is not counted as part of the atmosphere, and all the points it
contributed to the Poincaré section are omitted from the final plot. To the extent
that the calculations are picking out KAM surfaces, the particles in these regions must
remain with the body forever. However, it is possible that a few of the particles
contributing to the section plots will just stay with the body for a time longer than the
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integration period, but will eventually leave it.
We may choose our unit of length such that the airfoil has linear dimensions R = 1
and our unit of time such that the initial angular velocity of rotation Ω(0) = 1. The
initially imposed linear velocity of translation along the major axis, v0 (0), is therefore
our main perturbation parameter. When v0 (0) is small compared to RΩ(0), in our
chosen units v0 (0)  1, we do find a region of fluid that follows the body forever.
This region is the sought after atmosphere. It is made up of a number of sharply
separated regular and chaotic regions as is common for conservative dynamical systems
of this kind [Tabor, 1989]. It should come as no surprise that the particle motion in
the unsteady field of the moving body is, in general, chaotic. This is simply another
manifestation of chaotic advection [Aref, 1984, 2002]. The size, extent and stability
of the regular regions are the important new features. It seems that the atmosphere
can in principle become as large as one desires since in the limit P → 0 the envelope
clearly goes to infinity. The diagrams shown in Fig. 2.5 correspond to the case where
the ellipse is “neutrally buoyant”, i.e., its mass equals the mass of the fluid it displaces.
We found that ellipses of large eccentricity are most effective in maintaining an
atmosphere. We also found that in some cases the regular islands seem to be all that
survives of an atmosphere, e.g., in Figs. 2.5(f-i). It is interesting to note that in these
cases the atmosphere is not in contact with the body. In other cases there is an extensive
“chaotic sea” as well, see Figs. 2.5(a-e). One clearly sees how the chaotic fluid particle
orbits in Fig. 2.5(a) lie near the heteroclinic orbit in Fig. 2.3(a). As the perturbation
strength is increased in Figs. 2.5(a-c) this chaotic band becomes still wider. In fact
the entire body contour is covered by heteroclinic orbits in the unperturbed flow in
Fig. 2.3(a), and the chaotic regions in Figs. 2.5(a-c) also seem to cover the whole body
surface. In these figures the chaotic sea also appears to be delimited by a regular
envelope. This envelope may be a KAM surface or it may be an island chain of very
high period. In Figs. 2.5(d-e), for example, we seem to retain some chaotically moving
particles even though we do not immediately see a delimiting KAM surface. It is,
therefore, possible in these cases that the particles in the chaotic region will eventually
exit the atmosphere and only the visible KAM islands will remain. Figure 2.6 shows
the detailed structure of the remnant island above the ellipse when the initial velocity
is v0 (0) = 0.2. As v0 (0) is increased even further the island shrinks in size until it
disappears around v0 (0) = 0.31.
Figure 2.7 probes a more mechanistic understanding of the atmosphere. Four individual particle trajectories are shown for the case v0 (0) = 0.05, Fig. 2.5(c). Each panel
shows the initial and final positions of the ellipse, its trajectory, and the trajectory of
a judiciously chosen particle. The initial particle position and body centre are shown
as open circles, their end point as solid circles (See the caption of Fig. 2.7 for precise
starting positions). We have shown the motion of the ellipse in two ways in Fig. 2.7.
First, in Fig. 2.7(a) we trace the trajectory of the tip of the ellipse as it progresses
through the fluid. This clearly illustrates how the rotation of the body dominates its
translation. In Fig. 2.7(d) we have magnified the trajectory of the centre of the ellipse,
highlighting the undulatory motion that it takes.
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(a)

(b)

(c)

(d)

Figure 2.7: Ellipse and fluid particle orbits. Small piece of the trajectories of four
particles calculated to generate the Poincaré section in Fig. 2.5(a). Initial (left) and final
(right) ellipse positions and the trajectory of z0 (grey) starting at z0 = 0 are shown. The
particle trajectories are started at (a) z = 1.5i, (b) 1.2i, (c) i and (d) 0.53i. To illustrate the
body motion we plot the tip trajectory in (a) and magnify a segment of the z0 trajectory
in (d).

The particle in Fig. 2.7(a) is started too far away and is left behind by the ellipse in
its motion towards the right. The particle in Fig. 2.7(b), on the other hand, is started
close enough to become a part of the atmosphere. Its trajectory is regular with the
particle receiving a “slap” from the ellipse at each loop. This “slap” moves the particle
from one side of the ellipse to the other. In Fig. 2.7(c) we see a particle trajectory
that is part of the chaotic atmosphere. The particle “seems unable to decide” whether
it should orbit the ellipse or stay on one side of it. This sensitive decision at every
turn of the ellipse is the mechanism leading to a chaotic particle track, and a chaotic
region in the atmosphere in Fig. 2.5(c). Finally, in Fig. 2.7(d) we show a particle that
remains on one side of the ellipse in a regular portion of the atmosphere. Comparing
this particle trajectory to the trajectory of the tip of the ellipse in Fig. 2.7(a), vividly
illustrates how the particle moves as if rigidly attached to the ellipse. The Poincaré
sections of Fig. 2.5 provide a “template” of where the trapped particles originate and
what region of space they occupy. The sample trajectories in Fig. 2.7 give examples of
particle tracks that produce these Poincaré sections.
The existence and internal structure of the atmosphere seems to be determined
by the existence of stagnation curves enclosing elliptic points in the fluid and ending
at hyperbolic points in the body contour for the pure
√ rotational body motion. As
shown by Darwin [1953] there is a critical value a2 = 2 − 1 ≈ 0.64, below which no
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(a)

(c)

(b)

(d)

Figure 2.8: Joukowski atmospheres and orbits. Poincaré section showing atmosphere for imposed rotation-dominated motion of a Joukowski airfoil. Body centre and
trailing edge trajectories corresponding to (a) and (b) are shown in (c) and (d), respectively. The airfoil is the same as shown in Fig. 2.3(b). The initial body velocity is such
that the angular impulse is L(0) = 1 and the linear impulse is P (0) = 0.05 in (a-b) and
0.15 in (c-d) (these are not constant for imposed body motion).

stagnation points exist. One might then guess that below this value no atmosphere
would be found. By running our numerical experiments for different values of a we
have, however, found a thin “atmospheric” layer around the body even for a = 0.5. For
this value of a all points in the Poincaré sections lie on regular curves encircling the
body.
We were intrigued to explore if these results for ellipses would carry over to the motion of asymmetric objects such as the airfoil of Fig. 2.3(b). Figure 2.8 shows Poincaré
sections for perturbations of the purely rotating Joukowski airfoil of Fig. 2.3(b). Atmospheres are apparent in both cases but now the asymmetry of the body makes the
regular island above the airfoil disappear much faster than the one below. We recall
that in order to get a tight circular motion for this asymmetric body shape the mass
of the airfoil has to be large compared to the mass of fluid displaced.
Here we have primarily been concerned with the atmosphere of a freely moving
body here. It should however be stressed that the freedom of motion is not essential
for the body to be able to “shovel” with it an atmosphere. An elongated body with
predetermined, rotation-dominated motion will exhibit the same features. The persistence of KAM tori therefore provides an efficient method for transporting selected fluid
particles from A to B in an ideal fluid: Simply immerse an elongated body into the fluid
next to the blob of particles at A, such that A will be inside a regular island as the one
shown in Fig. 2.6. Next, set the body into fast rotation while slowly dragging it over
to B. Stop the body and take it out of the fluid. The blob has then been moved from
A to B without being mixed or any of it being spilled along the way. It would certainly
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be of interest to see whether such experiments could be performed in real fluids.

2.3.3

Erratum

Regrettably, there was a number of small errors in our treatment of the Joukowski
profile on [Roenby and Aref, 2010b]. On page 2 there is an inconsistency in that
we define f (ζ) as in Eq. (2.11) and call z0 the “geometric center”. But as we note
between Eqs. (2.37) and (2.38) above, the geometric centre is at zgc = z0 − eiθ R3 2 (ζ0 +
ζ0 )/(1 − 2 ) for the function f (ζ) in Eq. (2.11). Thus, z0 is only the geometric centre
when ζ0 = 0, i.e. for circles and ellipses.
The second error concerns the term 2|ζ0 |2 in the added mass tensor element Â11 (see
Eq. (2.55)). On page 2 of [Roenby and Aref, 2010b] this has the wrong sign. This does
not influence the main result of the paper, as we primarily consider an elliptic body for
which ζ0 = 0. But in the last figure (Fig. 5 of the paper and Fig.2.8 above) the body
orbits shown are strictly speaking not those of free body motion. The surrounding fluid
flow induced by the motion is calculated correctly, and thus the Poincaré sections in
the figure are still valid for the imposed body motion. Since the body in the figure
has mass equal to 10 times the fluid it displaces, the effective masse tensor element
M̂11 = m + ρf Â11 is dominated by m. The deviation from free body motion due to the
erroneous Â11 is therefore expected to be small. In any case, the main observation of
the paper regarding atmospheres around bodies is unaffected by this error.
Finally we mention that a factor π is missing in all the added mass tensor elements
on page 2 of [Roenby and Aref, 2010b]. This has been corrected in Eqs. (2.55) above
and is only a typographical error, which did not occur in the codes used to obtain the
numerical results of the paper.
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Point vortex dynamics
In the previous chapter we considered the purely potential flow induced by the motion
of a rigid body. In the present chapter we introduce the simplest possible representation of vorticity: The point vortex. We first present the equations of motion for an
unbounded ideal fluid occupying the whole plane and containing a number of point
vortices. The simplest problems of only 2 and 3 vortices are presented and demonstrated to be integrable. The integrability of the fluid motion around two vortices is
demonstrated and the transition to chaotic fluid motion in the 3-vortex problem is
illustrated using Poincaré sections. We then generalise to the situation where a rigid
body is present. The body may have a finite, constant circulation around it. All these
results are classical and are included because they represent important limiting cases
and therefore give valuable insights into the body-vortex coupling system presented in
the next chapter.
A small new result, which is presented in Eqs. (3.39), is the slight generalisations of
the expressions for the linear and angular impulses in the presence of a body in the case
where the there is circulation around the body. This generalisation is unimportant when
the body is fixed since, a) in this case the impulses are generally not even conserved,
and b) the terms due to circulation around the body are merely constants involving the
position of the body. These terms are however crucial to get right when generalizing
to the case where the body is moving in response to the fluid forces, so that the body
position and orientation are dynamical variables. Previous erroneous expressions for
the impulses in this case have been published in Borisov et al. [2007]. We discuss the
origin of the confusion about the impulse expressions at the end of the present chapter.

3.1

Point vortices in unbounded ideal fluid

If we take the curl of the Euler equation (2.1a) one obtains, after a little vector manipulation, an evolution equation for the vorticity ω = k̂ · ∇ × u. For an incompressible,
inviscid fluid in the plane this vorticity equation simply reads
Dω
= 0.
Dt
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In words this says that the vorticity of a fluid particle does not change as the particle
moves around in the fluid. The vorticity field may be thought of as “frozen into the
fluid”.
It is an observational fact that in real viscous fluids vorticity is generated at the
surface of a rigid body moving relative to the fluid. The vorticity is advected with the
fluid away from the body and is often concentrated in lumps which in daily language
are referred to as vortices. The archetypical example of this is the von Kármán vortex
street behind a cylinder moving through a fluid. In a real fluid the vortices eventually
dissipate due to the vorticity diffusing effect of viscosity. This is often a relatively slow
process so that on an intermediate time scale the vortices are more or less well defined
entities moving with the overall flow of the fluid while interacting with each other. It
is this motion and interaction that we would like to understand and model.
In the previous chapter we ended up with only a small number of degrees of freedom
controlling the dynamics of the otherwise infinite dimensional system of body-fluid
interaction. To obtain something similar when vortices are present, we introduce the
simplest conceivable model for the vortices: The vorticity field is assumed initially to
be nonzero only for a finite number of fluid particles labeled α = 1, ..., N . For an
unbounded fluid it may be written
ω(z, t) =

N
X
α=1

Γα δ(z − zα (t))

(3.1)

Here δ(z) ≡ δ(x)δ(y) is the 2D Dirac delta function and zα (t) = xα (t) + iyα (t) is the
instantaneous position of the vortex labeled α. Γα is referred to as the strength or
circulation of vortex α. The N fluid particles with a nonzero vorticity are called point
vortices. According to the vorticity equation the circulation of a point vortex does
not change with time as the vortex moves through the fluid. Likewise, no vorticity
is gained by any fluid particle which is initially in irrotational motion. Usually we
think of a vortex as a structural entity much like a wave that may propagate through
the material, or equivalently, though which material particles may propagate. It is
remarkable, that in our simplified model these structural entities are actually also
material entities. In some sense the point vortex model is the vorticity analog of the
point mass model used in classical mechanics to obtain insights into the laws of gravity.
Just as a planet has an internal mass distribution changing its shape and affecting its
detailed interaction with its moons, a real vortex has internal time-varying structure
affecting its interaction with vortices in its vicinity. But these may be regarded as
higher order effects which we may initially disregard in order to understand the overall
vortex interactions. At least in principle any continuous vorticity distribution may be
built up using an infinite number of point vortices as the basic building blocks.
It is well-knownpthat in the unbounded plane the Dirac delta function satisfies
1
δ(x)δ(y) = 2π
∆ log x2 + y 2 . Since we also have ω = −∆ψ (Eq. (2.8)), we see from
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Eq. (3.1) that the stream function due to point vortices must be
ψ=−

N
X
Γα
α=1

2π

log |z − zα |.

(3.2)

Then from u = ∇ψ × k̂ we find that the corresponding velocity field must be
N
X
Γα z − zα
,
u = k̂ ×
2π |z − zα |2

or

N
X
Γα 1
.
u=
2πi z − zα

(3.3)

α=1

α=1

In words, a point vortex makes the fluid spin around it with speed proportional to the
vortex strength and inversely proportional to the distance. The complex potential must
then be
N
N
X
X
Γα
Γα
w=
log(z − zα ) where φ =
arg(z − zα ).
(3.4)
2πi
2π
α=1

α=1

The potential φ is clearly undefined at the vortex positions and multi-valued in the rest
of the fluid domain. This may be dealt with by introducing proper branch cuts in the
fluid region.
It is of interest to consider the far field of our N point vortices. Just as a collection
of point masses, when seen from a distance, to first order can be treated as a single
point mass centred at their centre of mass, we may define a centre of vorticity for our
collection of point vortices. Let us start by defining the net circulation of the system,
I
u · ds.
(3.5)
Γ ≡ lim
r→∞ |z|=r

In this section of the thesis
PNall the circulation is concentrated in the N point vortices,
and we simply have Γ = α=1 Γα . If Γ 6= 0, then from a distance the N point vortices
appear like a single vortex of strength Γ, and the streamlines are concentric circles. We
define the centre of vorticity, zcv , as the centre of these circles. For large |z| we can
then write

Γ
1
Γ 1
1
Γ 1
zcv
u≈
=
=
1+
+ O(z −2 ) ,
(3.6)
2πi z − zcv
2πi z 1 − zcv /z
2πi z
z
where in the last equation we expand in 1/z. To find the expression for zcv let us also
expand each term in the velocity field (3.3) in z −1 ,
P


N

X
Γα 1 
Γ 1
zα
−2
−2
α Γα zα 1
u=
1+
+ O(z ) =
1+
+ O(z ) .
2πi z
z
2πi z
Γ
z

(3.7)

α=1

Comparing Eqs. (3.6) and (3.7), we see that for N point vortices the centre of vorticity
is at
PN
Γα zα
zcv = α=1
.
(3.8)
Γ
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It is by no means obvious that this point is stationary as the vortices move around,
but as we shall see shortly, this is indeed the case. Because the vortex strengths can be
both positive and negative zcv needs not lie “between” or even close to the collection
of point vortices. In fact, when Γ → 0 we see from (3.8) that the centre of vorticity
moves off to infinity.
When Γ = 0 the leading order term in the expansion of the velocity field is of
order z −2 . In this particular case the streamlines far from the vortices will not be
concentric circles. Instead we have a dipole field u ∼ A/(z − B)2 with a particular
streamline going to infinity. Expanding both A/(z − B)2 and u from Eq. (3.3) in the
small quantity
finds the dipole
P 1/z, and equating terms of the same orderPin 1/z,2 oneP
vector A = α Γα zα /(2πi), and the dipole position B = α Γα zα /(2 α Γα zα ).
The velocity field (3.3) clearly has an infinite discontinuity at the vortex positions.
Since the infinite contribution from a vortex near itself is purely tangential, the velocity
field is conditionally convergent: We may draw a small circle centred at the point vortex,
and let the velocity of the vortex be the limit of the average velocity on this circle as
the perimeter goes to zero. In general we then obtain


Γα
1
żα (t) = lim u(z, t) −
, α = 1, ..., N.
(3.9)
z→zα
2πi z − zα (t)
In the case of N point vortices in the unbounded plane, what remains are simply the
finite contributions from the N − 1 other point vortices,1
N
X
Γβ
1
żα =
,
2πi zα − zβ

α = 1, ..., N.

(3.10)

β6=α

This closed set of coupled equations for the motion of N point vortices in an unbounded
ideal fluid was first introduced by Helmholtz in 1858 [Helmholtz, 1858] and has been
extensively studied ever since. In the following we will recapture and illustrate a number
of features of these equations that are of relevance for the next chapter, where we add
a freely moving body to the problem.

3.1.1

Conserved quantities

Kinetic energy
First, the system turns out to be Hamiltonian with the nonsingular part of the fluid
kinetic energy as the Hamilton function. The fluid kinetic energy may be written using
Green’s 1st identity (2.30) with h = g = ψV and with A → R2 and B being a union
of small disks centred at the point vortices and with radius  → 0. Then ∆ψV = 0 in
A\B. If we exploit that ∂ψ
∂n ds = −u · ds, the energy can be written
!
I
N I
X
1
T f = ρf − lim
ψV uM · ds + lim
ψV uM · ds
(3.11)
r→∞ |z|=r
→0
2
|z−zα |=
α=1

1

Here and elsewhere in this text

PN

β6=α

means that β runs from 1 to N with α omitted.
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Inserting the stream function from Eq. (3.2) and the velocity field from (3.3), the first
term in Eq. (3.11) approaches
N
X
Γα Γβ
1
− ρf
log r,
2
2π
α,β=1

which clearly diverges when r → ∞ unless Γ = 0. By the same substitutions in the
second term in Eq. (3.11) one obtains after some manipulation

 A

D
B
z
}|
{
}|
{
z }| { z
C
Z 2π
N

X Γβ

Γα
1 X

z}|{ X Γγ zα − zγ


·

n̂dθ
log

+
log
|z
−
z
|
Γ
+
− ρf


α
α
β
 2π

2
2π
2π |zα − zγ |2

0
α=1

β6=α

γ6=α

where ds = dθ. The term AC is divergent unless Γ = 0, while the terms AD and BD
converge to zero. We are left with the term BC which is finite, and so the nonsingular
part of the kinetic energy is
H = −ρf

N X
N
X
Γα Γβ
log |zα − zβ |
4π

(3.12)

α=1 β6=α

Differentiating this with respect to xγ and yγ and comparing to Eq. (3.10), one finds
that
∂H
∂H
ρf Γγ ẋγ =
and ρf Γγ ẏγ = −
.
(3.13)
∂yγ
∂xγ
From this we conclude that H is indeed the Hamiltonian for the vortex motion with,
say, xγ and ρf Γγ yγ as the conjugate coordinates and momenta. The vortex equations
of motion (3.10) are autonomous and we therefore expect H to be a conserved quantity.
This is easily confirmed by use of Eqs. (3.13),

N 
X
∂H dxα
∂H dyα
Ḣ =
+
= 0.
∂xα dt
∂yα dt

(3.14)

α=1

As we now show there are other conserved quantities.
Linear impulse
The equations of motion (3.10) and Hamiltonian (3.12) are clearly invariant to a rigid
displacement of the whole vortex configuration to some other place in the unbounded
plane. Thus, for any δz we must have,
!
N
N
N
X
X
X
dzα
d
∂H
· δz =
ρf Γα
× k̂ · δz =
−ρf
Γα k̂ × zα · δz = 0,
∂zα
dt
dt
α=1

α=1

α=1
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where in the first equation we have used Eq. (3.13). From this we conclude that both
real and imaginary part of
N
X
P = −ρf
Γα izα
(3.15)
α=1

are constants of the motion. This is in fact the nonsingular part of the total fluid momentum, i.e. the linear impulse, as may be confirmed by inserting the stream function
from Eq. (3.2) into Eq. (2.41) with the integration curve C replaced by shrinking circles
around the vortices. It is not at all obvious how the expression (3.15) relates to our
usual physical understanding of linear momentum as “mass times velocity”. As we
shall see, the vortex configuration drifts in the direction of P when the total circulation
Γ = 0. In this situation P also gives the direction of the dipole far field generated by
the vortex configuration as discussed below Eq. (3.8). When Γ 6= 0, we note that the
centre of vorticity (3.8) is related to P by
zcv =

iP
ρf Γ

(3.16)

and is therefore a stationary point in the fluid. Typically, when the vortex strengths are
such that the vortices cannot escape each other, the vortex configuration drifts around
the centre of vorticity.
Angular impulse
The equations of motion (3.10) are also invariant to a rigid rotation of the whole
vortex configuration around any point in the fluid. Using polar
(xα , yα ) =
Pcoordinates,
∂H
(rα cos θα , rα sin θα ) this invariance of the Hamiltonian reads α ∂θα δθ = 0 for any δθ,
or
 X
N 
N
N
X
∂H ∂xα
∂H ∂yα
1 X drα2
+
=
ρf Γα [ẏα (−yα ) − ẋα xα ] = − ρf
Γα
= 0,
∂xα ∂θα
∂yα ∂θα
2
dt
α=1

α=1

α=1

where in the first equation we have used Eq. (3.13). From this we conclude that the
quantity
N
1 X
L = − ρf
Γα |zα |2
(3.17)
2
α=1

is a constant of the motion. The quantity L is in fact the nonsingular part of the
fluid angular momentum, i.e. the angular impulse. This may be confirmed by use of
Eq. (2.43) with z0 = 0, and with the stream function from Eq. (3.2) inserted, and
with C replaced by shrinking circles around the vortices. As for the linear impulse, the
relation of Eq. (3.17) to our usual notion of angular momentum is difficult to grasp.
Eq. (3.17) can be used as a kind of escape criterion. If for instance all the vortices have
the same sign, then none of them can move off to infinity since this would violate L =
constant. In the following we will use the constants of motion to examine the dynamics
of 2 and 3 vortices in an unbounded fluid.
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1

−1

0

3

Figure 3.1: Vortex pair with Γ 6= 0. The vortices have strengths (Γ1 , Γ2 ) = (−1/2, 1)
and are started at (z1 , z2 ) = (−i, i). Initial and final vortex positions are shown with white
and black circles, respectively. Fat black lines are the vortex orbits. Black central dot is
the centre of vorticity. A line consisting of ∼ 14000 fluid particles starting on the y-axis
between the vortices is shown in blue. Their final positions are the blue curves spiraling
around the final vortex positions. A vertical line of fluid particles starting on the x = 3
line is shown in grey and so is its final position.

1

−1

0

3

Figure 3.2: Vortex pair with Γ = 0. As Fig. 3.1 but with (Γ1 , Γ2 ) = (−1, 1). The
linear impulse vector P is shown with a black arrow.
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3.1.2

The 2-vortex problem

The motion of two point vortices is fairly easy to obtain. Choosing units of mass such
that ρf = 1 the constants of motion from the previous section are
H=−

Γ1 Γ2
log |z1 − z2 |,
2π

P = −i(Γ1 z1 + Γ2 z2 ),

1
L = − (Γ1 |z1 |2 + Γ2 |z2 |2 )
2

Conservation of the Hamiltonian then implies that the distance between the vortices
is a constant of the motion. If we place the origin of a new set of coordinates at zcv ,
such that Zα = zα − zcv , then in the new coordinates the equation for P becomes
simply Γ1 Z1 + Γ2 Z2 = 0. In other words, the two vortices must at any time lie on
a line passing through zcv . Dotting with Z1 , we find Γ1 |Z1 |2 + Γ2 Z1 · Z2 = 0, while
dotting with Z2 gives Γ1 Z1 ·Z2 +Γ2 |Z2 |2 = 0. subtracting one from the other, these two
equations give Γ21 |Z1 |2 = Γ22 |Z2 |2 . Inserting this in the equation for L conservation, one
finds that both |Z1 | and |Z2 | are constants, i.e., the vortices must move on concentric
circles centred at zcv . Because the intervortical distance is constant so is the angular
velocity around zcv . From Eq. (3.10) this may be found in terms of the Hamiltonian to
Γ
be Ωv = 2π
exp( Γ2πH
). An example is shown in Fig. 3.1, where the centre of vorticity
1 Γ2
is marked with a black dot.
When Γ = 0 the centre of vorticity is at infinity. This means that the radius of the
two concentric circles on which the vortices move have infinite radius. In other words,
the two vortices travel on straight, parallel lines as shown in Fig. 3.2. These lines are
perpendicular to k̂ × P so that vortices travel in the direction of P shown as a black
arrow in Fig. 3.2. The vortex velocity
be expressed in terms of the linear impulse
 may 
P
2πH
and the Hamiltonian as V = 2π exp − Γ2 .
1
We have now solved the 2-vortex problem completely. To illustrate the flow around
the vortices a line of particles between the initial vortex positions is dyed blue in
Figs. 3.1 and 3.2. Another grey line of fluid particles initially at x = 3 is also shown.
The final positions of the dye particles are shown along with the final vortex positions.
Since the distance between the vortices is constant there is a cartesian coordinate
system in which the vortex pair is stationary. This coordinate system is rotating with
the angular frequency Ωv around the centre of vorticity in the case of Γ 6= 0. When
Γ = 0 it moves with constant speed V in the direction of P . Because the vortex
configuration is stationary in this system, so is the co-moving streamline pattern (see
Eq. (2.27))
1
ψ̃ = ψ + Ωv |z − zcv |2 or ψ̃ = ψ + V P/|P| · k̂ × z,
2
where ψ is taken from Eq. (3.2). Examples of the co-moving streamline pattern for
Γ = 0 and Γ 6= 0 are shown in Fig. 3.3. The vortex pair is clearly seen to have
an atmosphere of fluid particles following it through the fluid. Indeed, this classical
example is where we borrowed the term “atmosphere” in connection with the fluid
motion around a rotating body in the previous chapter.
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Figure 3.3: 2-vortex atmospheres. Streamline patterns in the co-moving frame for
(a) (Γ1 , Γ2 ) = (−1/2, 1) and (b) (Γ1 , Γ2 ) = (−1, 1). Stagnation points (black dots) and
heteroclinic orbits (dashed) are shown.

3.1.3

The 3-vortex problem

In the 3-vortex problem we have 6 dynamical variables and 4 conserved quantities.
The equations of motion should therefore in principle be reducible to a system of two
autonomous equations of motion with the four conserved quantities as parameters. As
is well-known such a system is integrable and, indeed, several authors have succeeded
in exploiting the invariants to reduce the system to something tractable and analysed
various special cases. See [Newton, 2001] and references therein for an overview of the
literature. The system is now much richer than the 2-vortex problem and to this date,
new insights about the system are still being published. Since the 3-vortex problem is
an important limiting case of the system of two vortices and a (small) rigid body, a
brief presentation of the most important features will be given in the following.
The conserved linear and angular impulse and the Hamiltonian for three point
vortex motion are
P = −iρf (Γ1 z1 + Γ2 z2 + Γ3 z3 ),
1
L = − ρf (Γ1 r12 + Γ2 r22 + Γ3 r32 ),
2
ρf
H = − (Γ1 Γ2 log r12 + Γ1 Γ3 log r13 + Γ2 Γ3 log r23 ),
2π

(3.18a)
(3.18b)
(3.18c)

where rα = |zα | and rαβ = |zα − zβ |. Setting ρf = 1 and using that the dot product
2 ), the conservation of |P |2 may be written
zα · zβ = 21 (rα2 + rβ2 − rαβ
2

|P | =

N X
N
X
α=1 β=1

N

N

1 XX
2
Γα Γβ zα · zβ = −2ΓL −
Γα Γβ rαβ
2
α=1 β=1
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Thus, defining the constants
C1 = −

|P |2 + 2ΓL
Γ1 Γ2 Γ3


and

C2 = exp

Γ1 Γ2 Γ3
4πH


,

Eqs. (3.19) and (3.18c) may be written, respectively, as
2
r12
r2
r2
+ 13 + 23 = C1
Γ3
Γ2
Γ1

1

1

1

2 Γ3 2 Γ2 2 Γ1
(r12
) (r13 ) (r23 ) = C2 .

and

(3.20)

Equilateral triangle equilibria
We know the system is integrable, and so we would like to write the Hamiltonian in
a reduced set of two coordinates. These coordinates should preferably be physically
intuitive. The contours of the Hamiltonian are the orbits of the system in the reduced
phase space. The extrema of the Hamiltonian correspond to solutions that are in some
sense stationary. The linear stability of these equilibria may be found by evaluating the
Hessian at the equilibria. From Eqs. (3.20) we see that one idea for a set of coordinates
2 and r 2 . Isolating r 2 in the left equation (3.20) and inserting the
is simply, say, r12
13
23
result in the right equation, one finds


Γ1 2
Γ1 2
2 Γ1 /Γ3 2 Γ1 /Γ2
(r12
)
(r13 )
Γ1 C1 −
r12 −
r13 = C2Γ1 .
Γ3
Γ2
We can now find the relative equilibria where the triangle spanned by the three vortices
does not change shape, but may propagate through the fluid and rotate. We differ2 and r 2 and equate the two resulting
entiate the above equation with respect to r12
13
expressions to zero. This may e.g. be done in Maple or Mathematica. We are only
2 . One finds, after also substituting for r 2 , that there
interested in positive values of rαβ
23
is only one relative equilibrium, where the intervortical distances are all
2
2
2
r12
= r13
= r23
=

−|P |2 − 2ΓL
.
Γ1 Γ2 + Γ1 Γ3 + Γ2 Γ3

(3.21)

In other words, the equilateral triangle configuration of the vortices is a relative equilibrium whenever Γ1 Γ2 + Γ1 Γ3 + Γ2 Γ3 6= 0. The case of Γ1 Γ2 + Γ1 Γ3 + Γ2 Γ3 = 0 needs
special treatment, but we will not go into details with this case here.
Calculating the Hessian e.g. in Maple, one finds after a little rearrangement
Hessian = Γ1 Γ2 + Γ1 Γ3 + Γ2 Γ3 .

(3.22)

Thus, the equilateral triangle is stable when Γ1 Γ2 +Γ1 Γ3 +Γ2 Γ3 > 0 and unstable when
Γ1 Γ2 + Γ1 Γ3 + Γ2 Γ3 < 0.
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Figure 3.4: 3-vortex motion with Γ 6= 0. (a) Contours of the energy landscape
generated from Eq. (3.23) with (Γ1 , Γ2 , Γ3 ) = (1, 3/2, 1/2). Equilibria are marked by black
dots. Stagnation curves are shown as dashed lines. Numerically calculated curves for a
number of initial conditions (coloured diamonds) are shown with coloured lines. In (b-f)
the corresponding vortex trajectories are shown. Initial and final positions are shown as
blue and red circles. The centre of vorticity is marked by the diamond of the corresponding
solution in (a).
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Figure 3.5: 3-vortex motion with Γ = 0. As 3.4 but with (Γ1 , Γ2 , Γ3 ) = (1, −3, 2).
The centre of vorticity has moved off to infinity. Instead we show in (b) to (e) the linear
impulse vector P (black arrow).
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Collinear equilibria
From the above analysis it is tempting to conclude that the equilateral triangle is the
2 and r 2 do
only equilibrium solution for the 3-vortex problem. But the coordinates r12
13
not work in the special case where the three vortices lie on a line because here, loosely
2 = constant and r 2 = constant are parallel. To treat the
speaking, the isosurfaces r12
13
case of collinear vortices we must reintroduce some angular information in our choice
of coordinates. One way to do this is to apply the cosine relation,
2
2
2
r23
= r12
+ r13
− 2r12 r13 cos α,

where we define α as the angle between the line from z1 to z2 and the line from z1 to
z3 . If we denote the distance from vortex 3 to vortex 1 relative to the distance between
2 /r 2 = 1 + %2 − 2% cos α.
vortex 1 and 2 by % ≡ r13 /r12 , then the cosine relation reads r23
12
Note that % and α are the polar coordinates of vortex 3 in a somewhat peculiar comoving coordinate system, (X, Y ) = (% cos α, % sin α), always having its origin at vortex
1 and its X-axis pointing towards vortex 2, and continuously being rescaled such that
vortex 2 lies at X = 1. In combination with Eqs. (3.20) the cosine relation with the
new coordinates gives the following energy landscape,
%2β2 (1 + %2 − 2% cos α)
C2Γ1
=
.
(β3 + β2 %2 + 1 + %2 − 2% cos α)1+β2 +β3
(Γ1 C1 )1+β2 +β3

(3.23)

Here we have defined β2 = Γ1 /Γ2 and β3 = Γ1 /Γ3 , which are equal to 1/Γ2 and
1/Γ3 if we choose our unit (and direction) of time such that Γ1 = 1. Examples of an
energy landscape in the (X, Y )-space are shown in Fig. 3.4(a) for the case Γ 6= 0 and in
Fig. 3.5(a) for the case Γ = 0. Relative equilibria are marked by black dots. The dots at
(0, 0) and (1, 0) are not so interesting since they correspond to merging of vortex 3 with 1
and 2, respectively. These two dots form equilateral triangles with the relative equilibria
above and below the X-axis. These are the equilateral triangular equilibria found in the
previous subsection which from Figs. 3.4(a) and 3.5(a) are confirmed to be, respectively,
stable and unstable for the two choices of circulations, cf. Eq. (3.22). Fig. 3.4(a)
also indicates the existence of three relative equilibria on the X-axis for this choice of
parameters. These collinear equilibria are seen to be unstable. The heteroclinic orbits
emanating from them are shown with dashed lines. These orbits divide the parameter
space into a number of separated regions. To check the validity of Eq. (3.23) numerical
solutions for a number of initial conditions marked by coloured diamonds in the different
regions in Fig. 3.4(a) have been calculated. Indeed, the coloured solution curves coincide
with the contours of the energy landscape. In Fig. 3.4(b-f) the corresponding vortex
trajectories in physical space are plotted. In each figure the centre of vorticity is marked
by a diamond of the same colour as the corresponding solution curve in Fig. 3.4(a). This
illustrates that the centre of vorticity is in fact the centre of the motion regardless of the
details in the vortex interaction. In Fig. 3.5(a) we see that for this particular choice of
circulations there is only one collinear equilibrium which is stable. Again the validity of
Eq. (3.23) has been checked numerically by calculating solutions for a number of initial
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conditions marked by coloured diamonds in Fig. 3.5(a). The resulting coloured curves
are seen to coincide with the contours of Eq. (3.23). From the corresponding vortex
trajectories in physical space in Fig. 3.5(b-e) we see that for this choice of circulations,
where Γ = 0, the overall drift of the vortices is in the direction of the linear impulse.
To find the collinear relative equilibria we first differentiate on both sides of Eq. (3.23)
with respect to α and discover that this derivative vanishes for α = 0 and π corresponding to collinear vortices (It is sufficient to consider only the value α = 0 if we allow %
to take negative values). The necessary and sufficient condition for collinear relative
equilibrium is therefore obtained by equating the % derivative of Eq. (3.23) to zero, and
setting α = 0. After a little manipulation this condition becomes


(% − 1) (Γ1 + Γ2 )%3 − (Γ1 + 2Γ2 )%2 − (Γ1 + 2Γ3 )% + Γ1 + Γ3 = 0.
The root at % = 1 is not interesting since it corresponds to a merging of vortex 2
and 3 so we are back at the 2-vortex problem. The remaining third order polynomial
in % has one, two and three real roots depending on the values of Γ2 /Γ1 and Γ3 /Γ1 .
In principle the Hessian may be calculated at each root to evaluate the stability of
the corresponding collinear equilibrium. While all this can be done analytically, the
resulting expressions are very long and ugly. The reader is referred to [Aref, 2009] for
an exhaustive analysis of three vortex equilibria and their stability. We simply remark
that, even for three vortices having effectively only two parameters, the system is very
rich with many different regimes of different behavior. This suggests that turning one
of the vortices into a finite sized rigid body, and thus introducing a number of new
parameters, leads to an extremely rich system.
Chaotic advection in 3-vortex problem
The vortex motion has now been shown to be completely integrable in both the 2- and
3-vortex problem. In the 2-vortex problem even the motion of the passively advected
particles were shown to be integrable due to the existence of a co-moving system of
coordinate in which the vortices we stationary. With the relative equilibria discussed
above as exceptions, this is generally not the case for the 3-vortex problem. We therefore
expect the fluid motion around the vortices to be nonintegrable. To illustrate the
onset of chaotic advection in the 3-vortex problem we perform the following numerical
experiment. Starting with a neutral vortex pair, (Γ1 , Γ2 ) = (−1, 1) moving along the
x-axis we split vortex 2 into two vortices such that their collective strength is still 1,
e.g. Γ2 = Γ3 = 0.5. When vortex 2 and 3 are only slightly separated compared to
the distance to vortex 1 they will rotate fast around their common centre of vorticity.
But vortex 1 and other fluid particles far from the new vortex pair (compared to their
separation) will, except for a small periodic perturbation, still see them essentially as
one vortex of strength 1. We therefore may guess that there will still be an atmosphere
just as for the original 2-vortex problem if the separation is small enough. This can
be verified by producing Poincaré sections in the following way: If we start the three
vortices on the y-axis, say with y1 (0) < y2 (0) < y3 (0), we may also monitor the
evolution of selected passive fluid particles. The Poincaré section is then generated by
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Figure 3.6: 3-vortex atmospheres. The vortices have strengths (Γ1 , Γ2 , Γ3 ) =
(−1, 0.5, 0.5) and initial positions (z1 (0), z2 (0), z3 (0)) = (−1, 1 − d, 1 + d), where d runs
from 0.05 to 0.45 in panel (a-i). See text for details.
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Figure 3.7: 4-vortex motion. Four vortices are initially placed at (z1 , z2 , z3 , z4 ) =
(1.015i, 0, −i, −2i) (blue circles). Their strengths are (top) (Γ1 , Γ2 , Γ3 , Γ4 ) = (1, 2, −1, −2)
and (bottom) (1, 2, −1, −1). P is shown with a black arrow (top) and zcv is marked by a
black dot (bottom). Final vortex positions are marked by red circles.

plotting the positions of these passive particles relative to the vortices each time the
vortices are collinear with y1 (t) < y2 (t) < y3 (t). Performing the experiment repeatedly
with gradually increased distance between the two vortices originally merged in vortex
2, we may expect to see a chaotic region grow up in the atmosphere, thus illustrating
the nonintegrability of the fluid motion. It is also of interest to investigate how large
deviation from the 2-vortex problems that may still have an atmosphere following the
vortices through the fluid. Fig. 3.6 shows Poincaré sections illustrating the evolution
in the atmosphere of a vortex triplet (Γ1 , Γ2 , Γ3 ) = (−1, 0.5, 0.5) initially placed at
(z1 (0), z2 (0), z3 (0)) = (−1, 1 − d, 1 + d), where d runs from 0.05 to 0.45 in panel (ai). The panels are generated from the motion of 75 fluid particles initially placed
equidistantly on the line from −2 + i to 2 + i, and another 75 particles initially on the
line from −2 − i to 2 − i. To avoid too long integration times particles closer than
0.15 to a vortex are discarded. The vortices propagate to the right while vortex 2 and
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3 rotate around each other. Some particles are left behind while others stay around
the vortex triplet throughout the numerical calculation. The latter particles constitute
the atmosphere of the vortex triplet. The panels in Fig. r̃efFig:3vortAtmos show the
−z1
positions of these “atmospheric” particles each time zz23 −z
has zero imaginary part
1
and positive real part. The integration time varies from approximately 1000 to 200
periods of the vortex motion from panel a) to i). A more extensive study of the chaotic
advection in the 3-vortex problem can be found in Kuznetsov and Zaslavsky [1998].
See also Leoncini et al. [2001] for a treatment of the situation near vortex collapse.

3.1.4

Chaotic motion of 4 vortices

With the results of the previous section in mind it is perhaps not surprising that the
4-vortex problem is in general chaotic. See e.g. the analysis of chaotic scattering of two
vortex pairs in [Eckhardt, 1988] and [Eckhardt and Aref, 1988] and also the more recent
treatment for identical vortex pairs in [Tophøj and Aref, 2008]. Special integrable cases
exist, e.g. when there is a symmetry, and also the case where the total linear impulse
and vortex strength vanish, P = Γ = 0, as demonstrated in [Aref and Stremler, 1999].
We will not go further into details with this problem, but simply show in Fig. 3.7 two
examples of the much more irregular motion of four vortices compared to the periodic
3-vortex motions of Figs. 3.4 and 3.5. Note how, in spite of the irregular motion, the
overall drift is still along P when Γ = 0, and around zcv when Γ 6= 0. As we shall
see in the next chapter this qualitative behavior in unbounded point vortex systems is
adopted by their generalisation to coupled body-vortex systems.

3.2

Point vortices near a stationary body

In the previous section we found the complex potential and the vortex motion for point
vortices in an unbounded ideal fluid. We will now generalise this to the case where
a stationary rigid body is present in the fluid. We must then make sure that the
impermeability boundary condition, u · n̂ = 0, is satisfied on the surface of the body.
One way to state this condition is that its contour C should be a streamline, i.e. that
ψ(C) = constant. We start by finding the complex potential.

3.2.1

Complex potential

Suppose as in the previous chapter that there is a body-fixed set of coordinates z̃ and
a mapped ζ-plane such that the body shape is given by z̃ = f ({|ζ| = 1}). The vortex
positions in the mapped plane at time t we will denote


ζα (t) = f −1 z̃α (t) where z̃α = zα (t) − z0 e−iθ .
In this section z0 and θ are constants in time. We will now exploit that conformal
mappings such as f (ζ) preserve the streamlines in the sense that if e.g. |ζ| = 1 is a
streamline of the stream function W (ζ) (i.e. a contour of =[W (ζ)]), then the curve
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f ({|ζ| = 1}) is a streamline of w(z̃) ≡ W (f −1 (z̃)). We therefore only need to find the
complex potential for point vortices outside a circular body, and then we know it for
all (simply connected) body shapes. Milne-Thomson’s circle theorem (§6.21 in [MilneThomson, 1968]) gives the required modification in the presence of a circular body of
unit radius,
Wnew (ζ) = Wold (ζ) + Wold (1/ζ) +

Γ
log ζ
2πi

for

|ζ| ≥ 1.

(3.24)

Here Γ is real and may be chosen at will. It is the net circulation in the sense of
Eq. (3.5) of the new potential Wnew . To verify Eq. (3.24) first note for the last term
that Im(i log ζ) = − log |ζ| = 0 on |ζ| = 1, so that the unit circle is a streamline of
this term. For the two other terms on the right hand side of Eq. (3.24) first note the
conjugation of the middle term gives it opposite circulation of the first term. Therefore
the two terms do not contribute to the net circulation of Wnew . To see that |ζ| = 1 is
a streamline for the sum of the two terms we substitute 1/ζ = ζ in the second term.
The result is Wnew = 2Re(Wold ), and hence Im(Wnew ) = 0 on the unit circle. For N
point vortices all assumed to be outside the body we get by insertion of Eq. (3.4) in
Eq. (3.24)
N
i

X
Γα h
Γ
−1
WV (ζ, t) =
+
log (ζ − ζα (t)) − log ζ − ζα (t)
log ζ.
2πi
2πi

(3.25)

α=1

Here the first term in the square bracket is identical to the complex potential for a point
vortex without any body present. The second term in the square bracket corresponds
to a point vortex of strength −Γα placed inside the body at the image position, 1/ζα . A
common misunderstanding is that this introduction of an image vortex also introduces
new degrees of freedom. This is not the case. The image vortex is merely a mental
construction used to solve the type of boundary value problems that we are dealing
with. The position of the image vortex is at any time uniquely determined by the
relative positions of the body and vortex. Since the last term in Eq. (3.25) is that of
a vortex of strength Γ placed
the centre of the circular body, the net circulation
Pat
N
around the body is Γ0 ≡ Γ − α=1 Γα . In the following we will think of Γ0 , Γ1 , ..., ΓN ,
rather than of Γ, Γ1 , ..., ΓN , as the independent parameters of our model. The total
circulation Γ around the whole body-vortex configuration is then given by
Γ = Γ0 +

N
X

Γα .

α=1

Then it is also natural to rearrange Eq. (3.25) in the following way
N


i

X Γα h
Γ0
−1
WV (ζ, t) =
log ζ +
log (ζ − ζα (t)) − log ζ − ζα (t)
+ log ζ
2πi
2πi

(3.26)

α=1

The vortex terms collected in the square bracket do not contribute to the circulation
around the body because for each image vortex of strength −Γα at the image position
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−1

ζα we have added an other image vortex of strength +Γα at ζ = 0. By this convention
we can add and remove vortices without altering Γ0 . As in Chapter 2 the velocity field
may be obtained from the ζ-plane complex potential by Eq. (2.14) with WM and uM
replaced by WV and uV ,
"
#!
N
1
e−iθ
Γ0 1 X Γα
1
1
+
uV (z̃, t) = 0
.
(3.27)
+
−
f (ζ) 2πi ζ
2πi ζ − ζα (t) ζ − ζα (t)−1 ζ
α=1

3.2.2

Vortex motion

To obtain the vortex motion in the presence of a rigid body we employ Eq. (3.9) which
may also be written


d
Γα
żα = lim
WV (ζ) −
log(z − zα ) .
(3.28)
z→zα dz
2πi
Both the term − log(z − zα ) and the term log(ζ − ζα ) from WV need special attention
when taking the limit. We collect them in the function


z − zα
g(z, zα ) ≡ log(ζ − ζα ) − log(z − zα ) = − log
(3.29)
ζ − ζα
On one hand we may write
lim

z→zα

∂g(z, zα )
∂g(z, zα )
=
∂z
∂z

=
z=zα

∂g(zα , z)
∂zα

z=zα

where in the last equation we have simply interchanged the symbols z and zα . On the
other hand because g(z, zα ) = g(zα , z) we may also write
∂g(zα , z)
∂zα

=
z=zα

1 ∂
[g(zα , z) + g(z, zα )]
2 ∂zα

=
z=zα

1 dg(zα , zα )
.
2
dzα

From Eq. (3.29) we see that
g(zα , zα ) = lim g(z, zα ) = − log(f 0 (ζα )).
z→zα

We therefore conclude that
lim

z→zα

1 f 00 (ζα )
∂g(z, zα )
=−
.
∂z
2 f 0 (ζα )

The vortex motion in the presence of a stationary body with circulation Γ0 around it
therefore becomes
"
!
e−iθ Γ0 1
Γα
1 f 00 (ζα )
1
1
żα = 0
+
−
−
−1 + ζ
f (ζα ) 2πi ζα 2πi
2 f 0 (ζα )
α
ζα − ζα
!#
(3.30)
N
X Γβ
1
1
1
+
−
.
−1 + ζ
2πi ζα − ζβ
α
ζα − ζβ
β6=α
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Hamiltonian
Lin [1941] proved that a Hamiltonian exists for vortex motion in multiply connected
domains as we are dealing with here. He mentions, but does not show explicitly, that
this Hamiltonian is “a measure of the kinetic energy of the fluid”. To demonstrate this
let us calculate the kinetic energy as in Eq. (3.11), but now with an extra line integral
around C,
A

2T f
ρf

z
= − lim

I }|

r→∞ |z|=r

C

B

{
ψV uV · ds +

z
I
C

}|

z

{

ψV uV · ds + lim

r→0

N I
X

}|

α=1 |z−zα |=r

{
ψV uV · ds . (3.31)

If Γ = 0 the velocity field of the body-vortex configuration falls of as 1/r and the
streamlines far from the configuration enclose it. In this case we may take the limit in
term A such that the contour of integration is always a streamline. Then the stream
function goes outside the integration and A becomes simply −ψV (∞)Γ. But ψV →
Γ
log r as r → ∞ and A is singular. If on the other hand Γ = 0 then ψV ∼ 1/r and
− 2π
uV ∼ 1/r2 as r → ∞ and A converges to zero as r → ∞. For the term B we note that
ψV is a constant, P
ψC , on C by construction. From Eq. (3.26) we readily verify that this
Γα
constant is ψC = N
α=1 2π log |ζα |. This constant goes outside the integration in B and
we are left with the net circulation around the body. In summary
B = −Γ0

N
X
Γα
α=1

2π

log |ζα |.

(3.32)

Finally for the term C in Eq. (3.31) we may exploit that sufficiently close to a vortex the
streamlines encircle it. We therefore take the contour of integration to be a streamline
and we may again take ψV outside the integration. The remaining integrand is just the
circulation around the small contour which is just Γα :
lim

r→0

N I
X
α=1 |z−zα |=r

ψV uV · ds =

N
X
α=1

Γα lim ψV (z).
z→zα

Of course it is problematic to take the limit on the right hand side since ψV contains the
singular − Γ2πα log |ζ −ζα |. We may remove this singularity by subtracting − Γ2πα log |z−zα |
from ψV as we did in Eq. (3.28). Doing this and adding the contribution (3.32) from
B, we end up with an expression for the kinetic energy which reads
HV ≡ −ρf

N
X
α=1

"
Γα

Γ0
Γα
log |ζα | −
log |f 0 (ζα )(1 − |ζα |−2 )|
2π
4π
N
X
Γβ
ζα − ζβ
+
log
4π
1 − (ζα ζβ )−1
β6=α
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Differentiating HV with respect to xγ and yγ and comparing to Eq. (3.30) one may
confirm that
∂HV
∂HV
ρf Γγ ẋγ =
and ρf Γγ ẏγ = −
.
(3.34)
∂yγ
∂xγ
We conclude that HV is the generalisation of the Hamiltonian, Eq. (3.12), when a
stationary, rigid body is present, still with conjugate coordinates and momenta xα
and ρf Γα yα . Conservation of the Hamiltonian is demonstrated as in Eq. (3.14). The
expression (3.33) first appeared in [Hasimoto et al., 1984], unfortunately with a small
typographical error in the last term, where the conjugation of ζβ is missing. This error
seems to have propagated through the literature where it reappears e.g. in [Newton,
2001] and [Borisov et al., 2007].

3.2.3

Impulses

To calculate the fluid impulses we employ equations similar to Eqs. (2.41) and (2.43),
but with the contour around C augmented by small contours around the vortices, so
that ψV = Im(WV ) satisfies ∆ψV = 0 in the fluid region enclosed by the contours.
V
Using that ∂ψ
∂n ds = −uV · ds and ẑ = z̃ + ẑ0 , the linear impulse can be written in the
aligned frame as
P̂ = − ρf

I
C

(k̂ × z̃)uV · ds − ρf

− ρf k̂ × ẑ0

I
C

N
X
α=1

I
lim

(k̂ × z̃)uV · ds

→0 |z−zα |=

uV · ds − ρf k̂ × ẑ0

N
X
α=1

(3.35a)

I

lim
uV · ds.
→0 |z−zα |=

By a similar modification of Eq. (2.43) one obtains for the angular impulse
I 
L =ρf
C


I
N
1
1 X
− |z̃|2 uV · ds − ρf
lim
|z̃|2 uV · ds + k̂ · ẑ0 × P̂.
→0 |z−zα |=
2
2

(3.35b)

α=1

The integrals in the bottom lines of Eqs. (3.35) are simply the circulations of uV around
C and around the vortices. For the integration around the vortices in the first lines of
Eqs. (3.35) we note that lim→0 z̃ = z̃α . For the integrations around C in the first lines
of Eqs. (3.35) we exploit that the unit stream functions associated with body motion
take the values (ψ̂1 , ψ̂2 , ψ̂3 ) = (−k̂ × z̃, − 12 |z̃|2 ) on C (see Eqs. (2.17) and (2.26)). Then
Eqs. (3.35) may be written
I
P̂ =ρf
C

(ψ̂1 , ψ̂2 )uV · ds − ρf

N
X
α=1

Γα k̂ × z̃α − ρf Γk̂ × ẑ0

N
1 X
ψ̂3 uV · ds − ρf
Γα |z̃α |2 + k̂ · ẑ0 × P̂.
2
C

(3.36a)

I
L =ρf

α=1
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To treat the integrations around C we use Green’s 2nd identity,

Z
I 
∂ψM
∂ψV
(ψV ∆ψM − ψM ∆ψV )dA =
ψV
ds.
− ψM
∂n
∂n
F
∂F
Because ∆ψM = ∆ψV = 0 in the integration area the left hand side vanishes and the
equation may be written
I
C

ψM uV · ds +

N
X
α=1

I
ψM uV
lim
→0 |z−zα |=

· ds =

I
C

ψV uM · ds +

N
X
α=1

I
ψV uM
lim
→0 |z−zα |=

· ds. (3.37)

In the last term on the righthand side we can take the small contour around a vortex
to be a streamline of ψV . Then ψV can be taken outside the integral which vanishes because the body motion induced velocity field uM has no circulation around
the vortex. Similarly the first term on the right hand side vanishes because C is by
construction a streamline of ψV . For the second integral on the left hand side we use
that lim→0 ψM (z̃) = ψM (z̃α ). Then, if we write ψM = V̂j ψ̂j , Eq. (3.37) becomes
V̂j

I
C

ψ̂j uV · ds = −V̂j

N
X

Γα ψ̂j (z̃α ).

(3.38)

α=1

Since this is to hold for any triplet V = (Û , V̂ , Ω) the equation is also valid for each
unit stream function separately. Inserting this in the impulse expressions (3.36), and
writing them in complex notation, we finally arrive at
P = −ρf eiθ
L = −ρf

N
X
α=1

N
X
α=1

h
i
Γα iz̃α + ψ̂1 (z̃α ) + iψ̂2 (z̃α ) − ρf Γiz0 ,


Γα


1
1
2
|z̃α | + ψ̂3 (z̃α ) + ρf Γ|z0 |2 + Im(z0 P ).
2
2

(3.39a)

(3.39b)

Since in this section we keep z0 and θ fixed, the Γ-terms in Eqs. (3.39) are merely
constants here. They will, however, be important in the next section where we allow
the body to move in the fluid and they become functions of time.
The trick of using Green’s 1st identity to express the impulses in terms of the unit
stream functions was to the best of my knowledge first used in Shashikanth [2005].
Here he obtained the equations of motion for point vortices and a body which is free
to move in the fluid (see next chapter) in the case where there is no circulation around
the body (Γ0 = 0). Borisov et al. [2007] attempted to generalise Shashikanth’s result
to situations with finite circulation around the body. They essentially employ the
same trick as Shashikanth to derive expressions for the impulses by relating the vortex
stream function ψV to the Green’s function and using Green’s 3rd identity. The Green’s
function they define is however not symmetric in its two arguments, the source point
and the point of evaluation, as is usually required for a Green’s function. Their Green’s
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function (equation below equation (3) in Borisov et al. [2007]) is such that adding or
removing point vortices to the problem also adds or removes net circulation around the
body. This is because they do not put an extra image vortex of strength +Γα at ζ = 0
after having placed the vortex of strength −Γα at the image position inside |ζ| = 1 as
we did in Eq. (3.26). Their quantity Γ∗ presumably corresponds to our Γ0 (see remark
on page 3 in Borisov et al. [2007]). If this is the case, then their equation (5), which is
the time derivative of our Eq. (3.39a) is wrong in the “Joukowski lift force term”, the
term involving Γ∗ . To see this consider a body of uniform mass ρb = ρf and take the
limit where either the vortices are far away from the body, or equivalently, the body
size R shrinks to zero. The impulse expressions should then approach the well-known
expressions for N + 1 vortices of circulations Γ0 , ..., ΓN placed at z0 , ..., zN , i.e. Eqns.
(3.15) and (3.17). This is not the case for equation (5) of Borisov et al.P
[2007]. Using
that the unit stream functions ψ̂j (z̃) vanish as R → 0, that Γ = Γ0 + N
α=1 Γα , and
−iθ
that z̃α = (zα − z0 )e , it is readily confirmed that Eqs. (3.39) reduce to Eqs. (3.17)
and (3.15) when R → 0.

3.2.4

Force on the body

In the presence of a fixed rigid body we do not expect the linear and angular impulses
to be conserved. Their conservation in the unbounded vortex motion was a direct
consequence of the invariance of the vortex equations of motion to rigid translations and
rotations of the whole vortex configuration. Only the relative vortex positions mattered.
With fixed boundaries this invariance will in general be destroyed. This is somewhat
analogous to the motion of a billiard ball in vacuum: If its motion is unbounded then
both its energy, linear momentum and angular momentum are conserved by the motion.
If it is confined to a box its energy is still conserved but its momentum changes when
it hits the walls. The change in momentum is absorbed by the wall and likewise the
rate of change in the fluid impulse equals minus the force on the body exerted by the
vortices. Taking the time derivative of Eqs. (3.39) one finds the force F and torque τ0
(with respect to z0 ) on the body to be
F = ρf eiθ

N
X



Γα iz̃˙α + Im[û1 (z̃α )z̃˙α ] + iIm[û2 (z̃α )z̃˙α ]

(3.40a)

α=1

τ0 = ρf

N
X



Γα Re[z̃α z̃˙α ] + Im[û3 (z̃α )z̃˙α ]

(3.40b)

α=1

Here we have expressed the force in terms of the unit velocity fields from body motion
defined in Eq. (2.24). To arrive at Eqs. (3.40) we have used that
dψ̂j (z̃α (t))
dψ̂j (z̃α )
= z̃˙ α ·
= z̃˙ α · k̂ × ûj (z̃α ) = Im[ûj (z̃α )z̃˙α ].
dt
dz̃α
In real fluid experiments Eqs. (3.40) may be useful for obtaining a rough estimate
of the force on a cylinder from vortices shed behind it if the flow is predominantly
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two-dimensional and the strength and velocity of the shed vortices can somehow be
measured or estimated from experimental data.
Borisov et al. [2007] also derive an expression for the force on a body in an ideal
fluid due to a point vortex, see last equation on page 4 in Borisov et al. [2007]. This
expression however looks suspicious because it depends on the absolute position of the
vortex, zα , rather than on its position relative to the body, z̃α , as it should. This may
be the reason for the erroneous Γ∗ -term in equation (5) of Borisov et al. [2007], cf. the
discussion at the end of the previous section.

3.2.5

Integrability and chaos

With P and L no longer constants of motion only the Hamiltonian is conserved. We
therefore expect the problem of N vortices outside a fixed stationary body of general
shape to be integrable only for N = 1. Indeed, if N = 1 the contours of the Hamiltonian
H(x̃1 , ỹ1 ) in Eq. (3.33) directly give the vortex trajectories outside the body. There
are, however, special cases where we expect one component of the fluid impulse to be
conserved. If the rigid boundary is an infinite straight wall, then the equations of motion
must be invariant to rigid displacements of the vortex configuration along the wall and
the corresponding linear impulse component in Eq. (3.39a) is expected to be a constant
of motion. Similarly if the body is circular, then the equations of motion are invariant
to rigid rotations of the vortex configuration around the body centre. We thus expect
the angular impulse with respect to the body centre, i.e., Eq. (3.39b) with z0 = 0, to be
a conserved quantity. With two conserved quantities in these cases we thus expect the
2-vortex problem to be integrable while the 3-vortex problem may exhibit chaos. For
instance with two vortices around a stationary, circular body of unit radius placed at
z0 = 0 we have f (ζ) = ζ and so the Hamiltonian (3.33) becomes a function of only |z1 |,
|z2 | and the angle between z1 and z2 . Conservation of (3.39b) with z0 = 0 simply yields
L = −ρf (Γ1 |z1 |2 + Γ2 |z2 |2 ) = constant. Inserting the expression for |z2 | in terms of
|z1 | obtained from L conservation in the Hamiltonian (3.33) it becomes a function only
of the polar coordinates of vortex 1 in a rotating coordinate system centred at z0 = 0
with its first axis always pointing towards vortex 2. One may analyse the resulting
energy landscape finding the relative equilibria and their stability as functions of the
parameters as we (partially) did for the unbounded 3-vortex problem in Section 3.1.3.
I have not been able to find such an equilibrium analysis in the literature. Nor have
I found any work on the occurrence of chaos when the body is made noncircular. In
view of the rather fundamental nature of these problems, I find this a bit surprising.
Unfortunately, time does not allow us to go into this analysis here but this is certainly
something to look into in future work.

3.3

Point vortices near a moving body

It is not difficult to generalise the flow and vortex equations of motion obtained so
far to the situation where the body is in motion. In this section we will assume that
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z0 (t), θ(t) and their time derivatives v0 (t) and Ω(t) are known at any instant of time
without speculating about how this motion is generated. Because of the linearity of
the boundary value problem that must be solved to obtain the flow at every instant
of time the flow is simply the sum of the flow generated by the instantaneous body
motion and the flow from the vortices outside the body at its instantaneous position.
The vortex contribution is not altered by the fact that the body is in motion. From
(2.23) and (3.26) we thus have
W (ζ, t) = Û (t)ŵ1 (ζ) + V̂ (t)ŵ2 (ζ) + Ω(t)ŵ3 (ζ)
!
N
X
(3.41)
Γ0
Γα
ζ − ζα (t)
+
log ζ +
log

−1
2πi
2πi
1 − ζζα (t)
α=1
P
where we recall that Γ = Γ0 + α Γα . Since the velocity field induced by the body
motion uM has no singularity issues at the vortex positions the vortex motion is also
straight forward to find. It is simply Eq. (3.30) with uM (z̃α ) added, i.e.
"
e−iθ
Γ 1
żα = 0
Û (t)ŵ10 (ζα ) + V̂ (t)ŵ20 (ζα ) + Ω(t)ŵ30 (ζα ) +
f (ζα )
2πi ζα
!
!#
(3.42)
N
X
Γβ
Γα 1 f 00 (ζα )
1
1
1
−
+
−
+
.
−1
−1
2πi 2 f 0 (ζα )
2πi ζα − ζβ
ζα − ζα
ζα − ζβ
β6=α

From this it is not difficult to see that the Hamiltonian is just Eq. (3.33) with a sum
of ψM (z̃α )-terms added, i.e.,
"
N
X
Γ0
H = −ρf
Γα Û (t)ψ̂1 (ζα ) + V̂ (t)ψ̂2 (ζα ) + Ω(t)ψ̂3 (ζα ) +
log |ζα |
2π
α=1
# (3.43)
N
X
Γβ
ζα − ζβ
Γα
0
−2
log |f (ζα )(1 − |ζα | )| +
log
,
−
−1
4π
4π
1
−
(ζ
ζ
)
α
β
β6=α
still with xα and ρf Γα yα as the conjugate coordinates and momenta.

3.3.1

Hamiltonian 6= Energy

It is interesting to check whether the Hamiltonian is still the (non singular part of the)
kinetic energy of the fluid or of the body-fluid system as a whole. To see this we write
the fluid energy as
Z
1
f
T = ρf
∇(ψM + ψV ) · ∇(ψM + ψV )dA
2
ZF
Z
Z
1
1
2
2
= ρf
|∇ψM | dA + ρf
|∇ψV | dA + ρf
∇ψM · ∇ψV dA.
(3.44)
2
2
F
F
F
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The first term is simply the one expressed in terms of the added mass tensor in
Eq. (2.53). The second is the one derived for vortices outside a stationary body obtained in Eq. (3.33). The third term is the only new term for vortices outside a moving
body. Rewriting this term as in Eq. (3.31), we find
A

Z

z

}|

{

r→∞ |z|=r

ψV uM · ds

∇ψM · ∇ψV dA = − lim

I

N I
X

I
+

ψV uM · ds + lim
r→0
|
{z
} | α=1
C

B

|z−zα |=r

ψV uM · ds

{z

}

C

If Γ 6= 0 then the streamlines of ψV sufficiently far away will enclose the body-vortex
configuration. The curve of integration in A may be replaced by such a streamline,
say, of perimeter 2πr. Then ψV can be taken outside the integration in A and what
remains is the circulation of the body motion velocity field, which is by construction
zero. If Γ 6= 0 then ψV ∼ 1/r2 and so because also uM ∼ 1/r2 the integral A vanishes
when r → ∞. Since C is by construction a streamline of ψV this can also be taken
outside the integration in B and therefore this integral also vanishes. Finally in C we
may replace the small curves of integration by streamlines of ψV and take this outside
the integration. Then C also vanishes. In conclusion the coupling term in Eq. (3.44)
vanishes. The fluid plus body kinetic energy (or rather its nonsingular part) is then
just the sum of Eqs. (2.56) and (3.33), i.e.
T =

1
2 V̂j M̂jk V̂k

− ρf

N
X
α=1


Γα

Γ0
log |ζα |
2π
N

X Γβ
ζα − ζβ
Γα
−
log f 0 (ζα )(1 − |ζα |−2 ) +
log
−1
4π
4π
1 − ζα ζβ
β6=α

(3.45)


.

Since this is quadratic in V̂ and the Hamiltonian (3.43) is linear in V̂, we conclude that
the Hamiltonian for the vortex motion is no longer just the kinetic energy, when the
body is moving in some prescribed way.

3.3.2

Impulses

For later reference we write the impulses of the fluid plus body system. Since the velocity field is just the sum of the contribution from the body motion and the contribution
from the vortices the same holds for the linear and angular impulse of the body-fluid
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system as a whole. From Eqs. (2.48) and (3.39), we thus have



 


P̂
v̂0
−iẑ0
= M̂
+ ρf Γ 1
2
Ω
L − Im[ẑ0 P̂ ]
2 |ẑ0 |


N
X
iz̃α + ψ̂1 (z̃α ) + iψ̂2 (z̃α )
.
− ρf
Γα
1
2
2 |z̃α | + ψ̂3 (z̃α )
α=1

(3.46)

Here for convenience of notation everything is expressed in terms of the aligned representation of the body coordinates and the body-fixed vortex coordinates.

3.3.3

Integrability and chaos

Just as for the stationary body, P and L are not in general conserved when the body
moves in some prescribed manner. In the previous section where the body was held fixed
the Hamiltonian was the only conserved quantity for the vortex motion. With the body
moving, and the Hamiltonian therefore being a function of time, we have in general no
conserved quantities to reduce the dimension of the phase space. We therefore expect
chaotic vortex motion to occur even for a single vortex near the moving body. Indeed, in
[Kadtke and Novikov, 1993] it is shown that a circular body (with circulation around it)
moving at a steady velocity superimposed by small sinusoidal oscillations can capture
a point vortex, and that the vortex motion can exhibit chaos for the right choices
of parameters. The time dependence of the Hamiltonian is inherited from the time
dependence of the body velocities Û (t), V̂ (t) and Ω(t). Thus, when the body moves
steadily, i.e., when v̂0 and Ω are constant, the Hamiltonian is a constant of motion. Then
the 1-vortex problem is integrable with H(x̃1 , ỹ1 ) forming the energy landscape whose
contours are the vortex orbits as seen from the moving body. The 2-vortex problem
around a steadily moving body is in general nonintegrable. Luithardt et al. [1994]
demonstrated chaotic capture and scattering of a vortex pair off a circular body moving
steadily through the fluid. The situation Ω = 0 and v0 = constant also encompasses the
equilibria found by Föppl with a neutral vortex pair placed symmetrically around the
axis of uniform motion of a circular body (see [Shashikanth et al., 2002a] and references
therein). It seems that that there are still many interesting questions that have not yet
been addressed in relation to point vortex motion outside a body moving in a prescribed
manner.
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Body-vortex interactions
In the previous two chapters we treated the free motion of a rigid body in an ideal
fluid, and the motion of point vortices in an ideal fluid with and without a (possibly
moving) rigid body. This has paved the way for the real goal of this thesis: To derive
and explore the dynamic coupling of N point vortices and a freely moving, rigid body
in an otherwise unbounded, planar ideal fluid. While the equations of motion of the
previous two chapters are classical, the coupled body-vortex equations presented in the
following, and in particular their Hamiltonian structure, have only been derived and
studied in recent years. We give an overview of the historical development of these
equations and then move on to study the most obvious integrable special cases. Many
of these cases have been analysed to some extent before, but also integrable cases,
which seem not to have been discovered before, are presented. For each case we device
a special set of co-moving coordinates that are physically intuitive, and in which the
orbits of the system are the contours of an energy landscape. In the final part of this
thesis we study the transitions to chaos when one of the many parameters in the system
is varied away from the value that made the system integrable. We diagnose chaos by
constructing Poincaré sections plotted in reduced phase spaces. As is well-known it is
not always obvious how to construct such Poincaré sections, but here the insights and
the co-moving coordinates obtained for the integrable cases come in handy.

4.1

Equations of motion

Recall that in Chapter 3 we gradually went from the situation with point vortices in
an unbounded fluid to the situation with point vortices in a fluid containing a body
moving in some prescribed and generally time dependent manner through the fluid.
In this process we went from having four conserved quantities to having none. But
now, when we consider free body motion, we can regard the fluid and body as one
unified system on which no external forces act. The momentum lost by the body in
the interaction with the fluid must then necessarily be absorbed by the fluid and vice
versa. We therefore regain the conservation of linear and angular impulse, which was
lost when we introduced the stationary rigid body in Section 3.2. Another way to look
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at this is in terms of symmetries, or invariance: The conservation of fluid impulses for
the vortices in unbounded fluid was derived from the invariance of the vortex equations
to rigid displacements and rotations of the whole vortex configuration. This invariance
was lost when we introduced a fixed (noncircular) body, providing an absolute frame of
reference. When we now let the body position and orientation be part of the dynamical
variables, we regain the invariance to rigid displacements and rotations, but now of the
whole body-vortex configuration. In other words, the position and orientation of the
body-vortex configuration are cyclic coordinates, and by Noether’s theorem there must
then exist corresponding conserved quantities.
We already wrote the expressions for P and L in Eqs. (3.46). We stress that it is
P and L, not P̂ = P e−iθ and L − Im[z0 P ], that are conserved. From Eqs. (3.46) it is
clear that, given the values of P and L, and given vortex positions at time t, the body
velocities v̂0 (t) and Ω(t) at that time are uniquely determined by impulse conservation,
i.e.

h
i 
PN
 
Γ
iz̃
+
ψ̂
(z̃
)
+
i
ψ̂
(z̃
)
P̂
+
iρ
Γẑ
+
ρ
α
α
1
α
2
α
0
f
f
v̂0
α=1
h
i . (4.1)
= M̂ −1 
PN
1
1
2
2
Ω
L − Im[ẑ0 P̂ ] − 2 ρf Γ|ẑ0 | + ρf α=1 Γα 2 |z̃α | + ψ̂3 (z̃α )
On the other hand, given the values of v̂0 (t), Ω(t) and the vortex positions z̃α (t), the
vortex motion at that time is given by Eqs. (3.42). Reproducing this equation we
conclude that the closed system of 2N + 3 equations for body-vortex interaction with
free body motion are simply
"
e−iθ
Γ 1
żα = 0
Û ŵ10 (ζα ) + V̂ ŵ20 (ζα ) + Ωŵ30 (ζα ) +
f (ζα )
2πi ζα
!#
!
N
X
Γβ
Γα 1 f 00 (ζα )
1
1
1
, (4.2a)
−
+
−
+
−1
−1
2πi 2 f 0 (ζα )
2πi ζα − ζβ
ζα − ζα
ζα − ζβ
β6=α

iθ

ż0 = (Û + iV̂ )e ,

(4.2b)

θ̇ = Ω,

(4.2c)

where v̂0 = Û + iV̂ and Ω should be thought of as the functions (4.1) of the dynamical
variables z0 , ..., zN and θ with P and L (and all the other constants) as parameters.
To build a code solving this problem numerically one must feed the equations (4.2)
to a numerical solver such as the MATLAB ode45 solver that we use. One must of
course also define the auxiliary functions (4.1) as well as the functions f , f 0 , f 00 , f −1
(e.g. from (2.11)), the corresponding unit potentials ŵj and ŵj0 (from (2.22)), and the
added mass tensor elements Âjk (e.g. from (2.55)). Furthermore, one must specify all
the parameters that go into f (e.g. a, R and ζ0 in (2.11)), the circulations Γ0 , ..., ΓN ,
and also the body constants m, z̃cm and I0 (see e.g. Eqs.(2.37) for a uniform Joukowski
profile), which we need in order to construct the effective mass tensor M̂ (see Eq. (2.47)).
Finally one must specify the initial conditions z1 (0), ..., zN (0), z0 (0), θ(0), v0 (0) and
Ω(0) and define the functions (3.46) to calculate the values of the parameters P and L
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from the initial conditions. One might instead choose to specify z1 (0), ..., zN (0), z0 (0),
θ(0), P and L, and then calculate v0 (0) and Ω(0) from (4.1) before running the code.
If one wants to trace the motion of fluid particles that are not point vortices, one must
additionally feed the numerical solver with u = dW
dz , where W is taken from (3.41).
Since these equations are “slaves” of Eqs. (4.2) one may in principles integrate them
after having calculated the body-vortex orbits. When there are only a few vortices and
traced fluid particles, solving the equations of motion numerically for a time interval
long enough to study the body-vortex interaction only takes a few seconds on a standard
laptop.

4.1.1

Hamiltonian structure

In Eq. (3.45) in the previous chapter we found the nonsingular part of the total fluid
plus body kinetic energy when the body was in arbitrary motion and there were N
point vortices in the fluid. This energy was simply the sum of a body motion energy
from Eq. (2.56) and a vortex/circulation term, HV , from Eq. (3.33), i.e.
H ≡ HM + HV ,
HV = −ρf

N
X
α=1

where


Γα

1
HM ≡ V̂j M̂jk V̂k and
2

(4.3)

Γ0
Γα
log |ζα | −
log f 0 (ζα )(1 − |ζα |−2 )
2π
4π

N
X
Γβ
ζα − ζβ
+
log
−1 .
4π
1
−
ζ
ζ
α
β
β6=α

(4.4)

Here we will show that for free body motion, where V(t) = (v0 (t), Ω(t)) is given by
Eqs. (4.1), this energy serves as the Hamiltonian for both body and vortex motion if the
independent dynamical variables are chosen properly. It has been verified numerically
for many different parameter values and initial conditions that, when the system evolves
under the equations of motion (4.2), then H is conserved to within the chosen accuracy
for the numerical calculation.
We start by defining




N
X
P̂ + iρf Γẑ0
ψ̃1 (z̃α ) + iψ̃2 (z̃α )
P̂ ≡
(4.5)
+
ρ
Γ
α
f
ψ̃3 (x̃α , ỹα )
L − Im[ẑ0 (P̂ + 21 ρf Γiẑ0 )]
α=1

so that Eqs. (4.1) are equivalent to P̂j = M̂jk V̂k . Note that we have written the vortex
contributions in terms of the body-fixed unit stream functions, ψ̃j defined in Eqs. (2.28).
Since M̂ is a constant, symmetric matrix the derivative of HM with respect to one of
the dynamical variables, q, may be written
∂ V̂j
∂ P̂j
∂HM
1
∂ V̂k
1
= M̂jk V̂j
+ M̂jk V̂k
= V̂j
.
∂q
2
∂q
2
∂q
∂q

(4.6)

This will be used in the following to derive the Hamiltonian form of the equations
of motion, first in the case of Γ 6= 0 and then in the special case of Γ = 0. The
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derivations below are heavily inspired by Shashikanth [2005] and Borisov et al. [2007],
but differ from these in a number of ways. Most significantly, we try to keep the level
of mathematical abstraction to a minimum, and we manage to write the formulation
in terms of canonically conjugate pairs of dynamical variables.
The case of nonzero net circulation
In the case of Γ 6= 0 we can define the centre of vorticity as in Eq. (3.16), i.e., zcv =
iP/ρf Γ. Then, if this is chosen as the origin of a set of body-aligned coordinates such
that the body position in these coordinates reads Ẑ0 = (z0 − zcv )e−iθ , we may write
(4.5) as
!


P
ρf ΓiZˆ0 + ρf N
α=1 Γα ψ̃1 (z̃α ) + iψ̃2 (z̃α )
PN
P̂ =
.
(4.7)
|2
1
2
L + 21 |P
α=1 Γα ψ̃3 (x̃α , ỹα )
ρf Γ − 2 ρf Γ|Ẑ0 | + ρf
Let us use vector notation and take the independent variables to be z̃1 , ..., z̃N , Ẑ0 , θ, L.
V
From Eq. (3.34) we have that ρf Γα z̃˙ α = −k̂ × ∂H
∂z̃α when the body is stationary. To
show that H is the Hamiltonian for the vortex motion, when the body is in motion, we
M
therefore only need to show that ρf Γα ũM (z̃α ) = −k̂ × ∂H
∂z̃α , where ũM is the velocity
field induced by the body motion as measured from the body-fixed coordinates (in
complex notation ũ = û − v̂0 − iΩz̃). Setting q = z̃α in Eq. (4.6) and using Eq. (4.7)
for P, we find


ψ̃1 (z̃α )
∂HM
∂
= (Û V̂ Ω)j
ρf Γα  ψ̃2 (z̃α ) 
∂z̃α
∂z̃α
ψ̃3 (x̃α , ỹα ) j


= ρf Γα k̂ × Û ũ1 (z̃α ) + V̂ ũ2 (z̃α ) + Ωũ3 (z̃α )
= ρf Γα k̂ × ũM (z̃α ).
We therefore conclude that
dz̃α
∂H
= ρf Γα k ×
.
∂z̃α
dt
We will now differentiate H with respect to Ẑ0 keeping z̃1 , ..., z̃N , θ and L fixed. Because
we have chosen the vortex positions relative to the body in our set of independent
coordinates, HV only depends on these and is therefore independent of Ẑ0 . From
Eqs. (4.6) and (4.7) we find


∂
∂H
ρf Γk × Ẑ0
= (v̂0 Ω)l
1
2
∂ Ẑ0
∂ Ẑ0 − 2 ρf Γ|Ẑ0 | l


∂
1
2
= ρf Γ
v̂0 · k × Ẑ0 − Ω|Ẑ0 |
2
∂ Ẑ0
v̂0 ,Ω


= −ρf Γk × v̂0 − Ωk × Ẑ0
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˙
Recalling that Ẑ0 =

d
−iθ )
dt (Z0 e

= v̂0 − iΩẑ0 , we then see that
∂H

= −ρf Γk ×

∂ Ẑ0

dẐ0
.
dt

With our choice of independent coordinates the Hamiltonian is independent of θ, and
so we may write
∂H
= 0 = −L̇.
∂θ
Finally HV is independent of L while HM depends on L through P̂. Differentiating H
with respect to L keeping z̃1 , ..., z̃N , Ẑ0 and θ fixed one finds from Eqs. (4.6) and (4.7)
that
∂ P̂j
∂H
= V̂j
= (Û V̂ Ω)j (0 0 1)j = Ω = θ̇
∂L
∂L
In summary the conjugate pairs of coordinates are (x̃α , ρf Γα ỹα ), (X̂0 , −ρf ΓŶ0 ) and
(θ, L). Note how this resembles the conjugate pairs for N + 1 point vortices at positions z̃1 , ..., z̃N , Z0 of strengths Γ1 , ..., ΓN , Γ augmented by the pair (θ, L). Because
the chosen dynamical variables are ordered into canonically conjugate pairs of “coordinates” and “momenta” the Poisson bracket structure is trivially equal to Eq. (2.61)
and the conservation of H follows from Eq. (2.62) with F = H inserted.
The case of zero net circulation
When Γ = 0 Eq. (4.5) becomes
P̂ =

P̂ h

L − Im ẑ0 P̂

!
i

+ ρf

N
X
α=1

Γα



ψ̃1 (z̃α ) + iψ̃2 (z̃α )
ψ̃3 (x̃α , ỹα )

(4.8)

Here we may define the independent coordinates to be ẑ0 , P̂ , θ, L, z̃1 , ..., z̃N . Showing
that
∂H
∂H
∂H
= ρf Γα k̂ × z̃˙ α ,
= 0 = −L̇, and
= Ω = θ̇
∂z̃α
∂θ
∂L
is done in the same way as above for the case of Γ 6= 0. Differentiation of H with
respect to ẑ0 now yields
∂H
dP̂
= (Û V̂ Ω)j (0, 0, k̂ × P̂)j = Ωk̂ × P̂ = −
.
∂ẑ0
dt
Differentiation with respect to P̂ gives
∂H
∂ P̂

= (v̂0 , Ω)j (I, −k̂ × ẑ0 )j = v̂0 − Ωk̂ × ẑ0 =

dẑ0
.
dt

When Γ = 0, we therefore have the conjugate pairs (x̂0 , P̂1 ), (ŷ0 , P̂2 ), (θ, L), (x̃α , ρf Γα ỹα ).
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4.1.2

Body acceleration

Even though we have effectively exploited impulse conservation to eliminate the need
for acceleration equations for the body, it may still be useful to know them e.g. for
evaluation of the forces on the body. Differentiating Eqs. (4.1) with respect to time
one finds
  

iρf Γv̂0 − iΩ(P̂ + iρf Γẑ0 )
v̂˙
M̂ 0 =
Ω̇
−Im[v̂0 (P̂ + iρf Γẑ0 )]
(4.9)


N
X
iz̃˙α + Im[û1 (z̃α )z̃˙α ] + iIm[û2 (z̃α )z̃˙α ]
+ ρf
Γα
Re[z̃α z̃˙α ] + Im[û3 (z̃α )z̃˙α ]
α=1
Of course, we do not need to perform this time differentiation again since Eqs. (4.9)
are really just a combination of the Kirchhoff-Kelvin equations (2.58) and the vortex
force equations Eqs. (3.40). These equations may be useful for estimating forces in real
flow situations with vortices shed by a freely, moving body. It has been verified that
the expressions for v̂˙ 0 and Ω̇ from Eqs. (4.9) are, indeed, the time derivatives of v̂0
and Ω from Eqs. (4.1) when the system evolves under the equations of motion (4.2).
This consistency has been checked by computing the system evolution over a given time
interval for different choices of parameters and initial conditions. The body acceleration
may then be computed on the time interval simply by a finite difference method, i.e.
δv0 /δt etc. The resulting curves for v̂˙ 0 (t) and Ω̇(t) coincide with the corresponding
curves obtained from the expression obtained from Eq. (4.9).

4.1.3

Relative equilibria

Eqs. (4.9) are also necessary to investigate the conditions for relative body-vortex equilibria, i.e. equilibria where v̂0 and Ω and z̃α are all constant. Setting v̂˙ 0 = Ω̇ = z̃˙α = 0
in Eqs. (4.9) everything except the first bracket on the right hand side vanishes. Thus,
relative equilibrium implies that ρf Γv0 = Ω(P + iρf Γz0 ) and that to Im(v0 P̂ ) = 0.
Since this latter condition is equivalent to v0 and (P + iρf Γz0 ) being parallel it is
automatically satisfied when the former condition is satsfied.
When Γ 6= 0 this may be written in terms of the coordinates relative to the centre
of vorticity, Z0 = z0 − iP/(ρf Γ). The first condition then just says that Ż0 = iΩZ0 .
Therefore Z0 (t) = CeiΩt , where Ω and the complex number C are constants. In words,
the body circles around the centre of vorticity with the a frequency that exactly matches
its frequency of spinning around itself (i.e. around z0 ). In other words, it simply
performs steady rigid body rotation around the centre of vorticity. The condition z̃˙α = 0
means that the vortices move as if rigidly attached to the body. They must therefore
perform the same steady rotation around the centre of vorticity. This condition is
therefore equivalent to equating żα from Eq. (4.2a) to iΩ(zα − zcv ) for α = 1, ..., N .
If Γ = 0 the centre of vorticity is at infinity and from Eq. (4.9) the first condition
means that either Ω = 0 or P = 0. In the case of Ω = 0 and P 6= 0 the whole
body-vortex configuration is moving steadily in the direction of P . Then the second
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condition from (4.9) means that P and v0 should be parallel. From Eqs. (3.46), this
condition may be written as
!
!
N
N
X
X
ρf
Γα ψ̃2 (z̃α ) Û − ρf
Γα ψ̃1 (z̃α ) V̂ + (M̂11 − M̂22 )Û V̂ = 0.
(4.10)
α=1

α=1

For given body shape and vortex positions (determining the constant values of the
brackets) this essentially determines the ratio of Û to V̂ for a configuration to be a
relative equilibrium. The remaining conditions for equilibrium with Γ = Ω = 0 are
obtained by setting żα from Eqs. (4.2a) equal to the constant v0 . For example for a
single vortex these conditions become
!
00 (ζ )
V̂
1
1
f
1
Û 0
v
(ŵ (z̃v ) − f 0 (ζv )) − (ŵ20 (z̃v ) + if 0 (ζv )) −
+
= 0. (4.11)
−1
Γv 1
Γv
2πi 2 f 0 (ζv )
ζv − ζv
Here, and in the rest of this thesis, we will use the subscript ‘v’ instead of ‘1’ whenever
there is only one vortex in the fluid, so that Γv = Γ1 and so on. We may isolate either
Û or V̂ in Eq. (4.10), e.g.
ρf ψ̃2 (z̃v )Û
V̂
=
,
Γv
ρf ψ̃1 (z̃v ) − (M̂11 − M̂22 )(Û /Γv )
and substitute this for V̂ /Γv in Eqs. (4.11). The result is a complex function of x̃v
and ỹv for a given ratio Û /Γv . The real and imaginary part of this complex function
may or may not have zero-contours for the chosen value of the ratio Û /Γv . If such
contours do exist, then they can easily be obtained numerically. If furthermore these
contours intersect, then the intersection points constitute the relative equilibrium vortex
positions, where the body-vortex pair propagates steadily through the fluid in the
direction of P . It would be interesting to investigate the occurrence and stability of
such relative body-vortex pair equilibria for different body shapes and parameters. To
my knowledge no such work has been published with only one vortex. For an analysis
of a special class of symmetric relative equilibrium configurations with two vortices and
a uniform elliptic body, see [Kanso and Oskouei, 2008].

4.1.4

Historical development

In 1987 Koiller [1987] derived equations of motion for a point vortex and a freely moving
circular cylinder with circulation around it opposite to the vortex strength. Unfortunately, this paper is difficult to read since it suffers from a number of typographical
errors. Koiller also posed a number of questions regarding the existence of a Lagrangian
or Hamiltonian structure and the existence of conserved quantities for the system. For
more than a decade these questions seem to have been forgotten, until around the beginning of the new millennium, where new interest suddenly arose about this subject.
The interest seems to have been sparked more or less simultaneously in Russia and in
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USA. In 2001 Ramodanov [Ramodanov, 2001] rederived the equations of Koiller which
in [Ramodanov, 2002] he extended to the case of N point vortices and arbitrary circulation around the circular body. The same year Shashikanth et al. [2002a] derived the
Hamiltonian structure for a circular body surrounded by N point vortices in the special
case where there is no circulation around the body, and the circulations of the vortices
sum to zero (see also the erratum [Shashikanth et al., 2002b]). The year after Borisov
et al. [2003] obtained the Hamiltonian structure for N vortices and a circular body
with no restrictions on circulation or vortex strengths. In this paper and in [Borisov
and Mamaev, 2003] they also study the integrable case where there is only one vortex
in the fluid. In [Shashikanth, 2005] the previously derived Hamiltonian structure is
generalised to the case of arbitrary body shape and no restrictions on the sum of the
vortex strengths, however still with the restriction of zero circulation around the body.
Shashikanth [2005] uses vector notation and also includes a comparison with the previous work by the Russians (Borisov, Mamaev and Ramodanov). He also discusses the
confusion regarding the image vortex and body circulation terms, cf. Section 3.2.3. A
Hamiltonian structure similar to that in [Shashikanth, 2005] is obtained using complex
function theory in [Borisov et al., 2007], where an attempt is also made to generalise
to the case of nonzero circulation around the body. As mentioned in the discussion
at the end of Section 3.2.3, it is not entirely clear that this generalisation is correct.
[Borisov et al., 2007] also contains the first numerical evidence for chaotic interaction
of a point vortex and a free noncircular body in the form of two Poincaré sections. No
details about the parameters or procedures used to obtain these Poincaré sections are
provided. Perhaps the most significant contribution in this thesis is the much more
thorough studies of this chaotic behavior presented in [Roenby and Aref, 2010a] and
[Roenby and Aref, 2011] which we reproduce and extend in this chapter.
In summary, except for the term involving circulation around the body, the basic
equations of motion and their Hamiltonian structure had been derived at the beginning
of my PhD. The clearest expositions were [Borisov et al., 2007] and [Shashikanth, 2005],
the former using complex notation and the latter using vector notation. Mention should
also be made of the very pedagogic (vector notation based) derivation of the equations
of motion given in [Kanso and Oskouei, 2008].1 Apart from the errors mentioned
in the footnote, I have found [Kanso and Oskouei, 2008] the most useful paper for
understanding the derivation of the body-vortex equations of motion.
With the formulation given above we have clarified/corrected the issue from previous
work regarding the circulation around the body. Furthermore, we have tried to write
the equations as explicitly as possible, and allowed the body to have inhomogeneous
1

Unfortunately, this paper contains a number of rather crucial errors in the final expressions for
the impulses: First, in their equation (40a) the unit stream functions should be ψ̂1 and ψ̂2 (in our
notation), and not ψ1 and ψ2 , since the equation is expressed in the aligned frame. Second, these two
unit stream functions as well as ψΩ (which is ψ̂3 in our notation) appearing in their equation (40b)
should have reversed their sign in order for the impulses in their equation (41) to be correct. Third,
a term − 12 ρf Γ|z0 |2 k̂ (in our notation) is missing in the expression for the angular impulse in their
equation (41). Finally, the paper has the same ambiguity as [Borisov et al., 2007] regarding the terms
involving the circulation around the body.
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mass density. The effect of the latter generalisation will be investigated in Section 4.3.3.

4.2
4.2.1

Integrable body-vortex interactions
Ω conservation for circular body

Suppose the body is circular and its internal mass distribution is only a function of the
distance from its centre, ρ(z̃) = ρ(|z̃|). Then z̃cm = 0 while the moment of inertia I0
depends on ρ(|z̃|). We may without loss of generality choose units of length such that
the body radius R = 1. We then simply have f (ζ) = ζ and from Eq. (2.21) the complex
potential associated with its motion is just
v0
wM = −
= φM + iψM .
z − z0
The effective mass tensor is diagonal with M ≡ M̂11 = M̂22 . The velocity field associated with rotation of the body is zero and so the corresponding unit potential is zero.
Then also Â33 is zero and from (4.9) the equation for Ω̇ becomes
N
i
X


I0 Ω̇ = −Im v̂0 (P̂ + iρf Γẑ0 ) + ρf
Γα Re z̃α z̃˙α

h

(4.12)

α=1

For a circular body the linear impulse in the aligned coordinates from Eq. (3.46) reads
P̂ = M v̂0 − iρf Γẑ0 − ρf

N
X
α=1

Γα iz̃α (1 − |z̃α |−2 )

Thus, the first term on the right hand side of Eq. (4.12) may also be written
N
i
h
X


Γα Im v̂0 iz̃α (1 − |z̃α |−2 )
−Im v̂0 (P̂ + iρf Γẑ0 ) = −ρf

(4.13)

α=1

Using that for a circular body of unit radius the vortex motion (4.2a) is
N

X iΓβ
v̂0
iΓ iΓα
1
1
+
,
żˆα = 2 −
−
z̃α z̃α
2π z̃α − 1/z̃α
2π z̃α − z̃β
β6=α

we we may write the rightmost term in Eq. (4.12) as
ρf

N
X
α=1

N
X



˙
Γα Re z̃α z̃α = −ρf
Γα Re v̂0 z̃α (1 − |z̃α |−2 )



α=1

Inserting this and Eq. (4.13) into Eq. (4.12) we therefore conclude that Ω is a constant.
From Eq. (3.46), this is equivalent to
N
X
1
1
L − I0 Ω = Im [z0 P ] + ρf Γ|z0 |2 − ρf
Γα |z̃α |2
2
2
α=1

being a constant of motion whenever the body is circular and the body mass density
ρ(z̃) = ρ(|z̃|).
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4.2.2

Uniform circle and one vortex

Let us consider the motion of a uniform circle of density ρb interacting with a single
point vortex of strength Γv . We may exploit the freedom of choice of units of time,
mass and length such that Γv = ρf = R = 1. Since Ω has just been shown to be a
constant with no influence on the dynamics, we may as well choose Ω = 0 and θ = 0.
The impulses and energy then become
P = M v0 − iz̃v (1 − r̃v−2 ) − iΓz0 ,
1
1
L = − r̃v2 + Γr02 + Im(z0 P ),
2
2

 2
1
1
r̃v − 1
2
H = M |v0 | +
,
log
2
4π
r̃v2Γ

(4.14a)
(4.14b)
(4.14c)

where M = π(ρf + ρb ), r̃v = |z̃v | and r0 = |z0 |. It may appear as if we have lost the
ability to vary the vortex strength in these equations. However note that multiplying
Γ1 by, say, 10 is equivalent to dividing Γ, v0 (0), P and L by 10 and H by 102 . This
tells us how to investigate the effects of varying only Γv even though we have fixed it
to be 1.
The case of nonzero total circulation
If Γ 6= 0 we may exploit the freedom of choice of the lab frame origin to place it at the
centre of vorticity, zcv = iP/(ρf Γ). This is equivalent to the substitution Z0 = z0 − zcv ,
and we note that Ż0 = v0 because zcv is constant. When inserted in the linear and
angular impulse equation above, this gives
M v0 = iz̃v (1 − r̃v−2 ) + iΓZ0 ,
0

L =

ΓR02

−

r̃v2 ,

(4.15a)
(4.15b)

where we have defined L0 = 2L + |P |2 /Γ and R0 = |Z0 |. From Eq. (2.9) we know
that if we multiply Eq. (4.15a) by Z0 /R0 then the real part of the resulting equation is
the component of the original equation parallel to Z0 while the imaginary part is the
component perpendicular to Z0 .

We now denote the components of the relative vortex position in this decomposition
by Xv + iYv = z̃v Z0 /R0 and similarly for the body velocity define U0 + iV0 = v0 Z0 /R0 .
In the new coordinates the linear impulse conservation, Eq. (4.15a), reads
M U0 + iM V0 = i(Xv + iYv )(1 − r̃v−2 ) + iΓR0 .

(4.16)

Clearly we have r̃v2 = Xv2 + Yv2 since the length does not depend on the decomposition.
From angular impulse conservation, Eq. (4.15b), we see that the term ΓR0 in Eq. (4.16)
may also be written in terms of r̃v and hence also in terms of Xv and Yv , i.e. R0 =
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Figure 4.1: Integrable circle-vortex pair motion with Γ = −1. (a) Contours of
the energy landscape generated with Eq. (4.17) when (Γ0 , Γ1 ) = (−2, 1), ρf = ρb = 1 and
P = 1.5 and L = −2. The body is marked by a black disk. Equilibria are marked by black
dots and the dashed lines are stagnation curves. The three fat curves are vortex orbits in
the co-moving frame initiated at /, O, and M, and calculated numerically using Eqs. (4.2).
In (b)-(d) the corresponding vortex orbits in physical space are shown in black. White
and black triangles showing initial and final position, respectively. The body orbits are
shown in grey with dots separated by equal time steps. In the background the initial and
final body positions are shown, the latter overlapping the former. The centre of vorticity
is marked by a ‘+’.
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p

(L0 + r̃v2 )/Γ. Then both of the body velocity components in Eq. (4.16) are determined
as functions of Xv and Yv . The Hamiltonian, Eq. (4.14c), depends on these velocity
components via |v0 |2 = U02 + V02 . Therefore squaring the real and imaginary part of
Eq. (4.16) and inserting for the body speed in Eq. (4.14c), we can write the Hamiltonian
times 2M as
"
#2
r

 2
L0 + r̃v2
M
r̃v − 1
−2
−2 2 2
2M H = (1 − r̃v )Xv + Γ
. (4.17)
+ (1 − r̃v ) Yv +
log
Γ
2π
r̃v2Γ

This is a function of the two components of the vortex position in a coordinate system
which is centred at z0 and rotates such that, at any instant of time, its first axis is
aligned with Z0 = z0 − zcv .
See Figs. 4.1 and 4.2 for examples of such energy landscapes and corresponding
vortex and body trajectories. The requirement that the square root in Eq. (4.17) be
real clearly restricts the accessible area for given values of Γ, P and L. For Γ > 0 (as
in Fig. 4.2 where Γ = 2) we must have r̃v2 ≥ −L0 , while for Γ < 0 (as in Fig. 4.1 where
Γ = −1) we must have r̃v2 ≤ −L0 . It is evident from Eq. (4.17) that r̃v2 = −L0 is always
a contour of the Hamiltonian. Note also that the body surface at r̃v2 = 1 is a contour
of the Hamiltonian (though with a singular value due to the logarithmic term).

If we substitute Xv = r̃v cos α and Yv = r̃v sin α into Eq. (4.17) and differentiate with
respect to r̃v and α one finds, e.g. using Maple, that a necessary condition for relative
equilibrium is sin α = 0 or r̃v2 = −L0 . The first of these conditions is equivalent to the
vortex lying on the line through the body centre and the centre of vorticity. The values
of r̃v for which the system is in relative equilibrium are the real, positive roots of a
polynomial of degree 7 in r̃v2 with coefficients depending on Γ, M and L0 .
If instead we had wanted the contours of the created energy landscape to represent orbits of the body, we could have decomposed v0 into components parallel and
perpendicular to z̃v . With U0 + iV0 = v0 z̃v /r̃v and X0 + iY0 = Z0 z̃v /r̃v , we then have
q
M U0 = −ΓY0 , M V0 = r̃v − 1/r̃v + ΓX0 , and r̃v = Γ(X02 + Y02 ) − L0
and the Hamiltonian in terms of X0 and Y0 becomes
2M H = Γ2 Y02 + (r̃v − 1/r̃v + ΓX0 )2 +

M
log
2π



r̃v2 − 1
r̃v2Γ


.

X0 and Y0 are the body coordinates in a coordinate system centred at zcv and at any
time oriented such that its x-axis is parallel to z̃v , i.e. to the line passing through the
circle centre and the vortex position.
On page 456 in [Borisov et al., 2003], it is stated as a theorem that a special
rotating frame exists, such that the periodic solutions of the circle-vortex system are
closed curves in this frame. The frame is, however, not constructed explicitly. With the
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Figure 4.2: Integrable circle-vortex pair motion with Γ = 2. As Fig. 4.1 but with
(Γ0 , Γ1 ) = (1, 1).

above decompositions of the vortex and body positions such that the solution curves are
the contours of the Hamiltonian, we have constructed physically meaningful rotating
frames satisfying the conditions of Borisov et al. [2003]. We have, however, required
Γ 6= 0 since |zcv | → ∞, when Γ → 0. When Γ = 0 the reduced coordinates are even
simpler as will be shown in the following.
The case of zero total circulation
When Γ = 0 we have no z0 appearing in the linear impulse expression in Eq. (4.14a).
We may therefore simply insert v0 as a function of z̃v obtained from Eq. (4.14a) into
the Hamiltonian (4.14c). Assuming P 6= 0 (for the case Γ = P = 0 see the next section)
we may choose the x-axis of the lab frame to point along P , so that the constant P is
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Figure 4.3: Integrable circle-vortex pair motion with Γ = 0. (a) Contours of the
energy landscape generated with Eq. (4.18) for ρf = ρb = 1 and (P, L) = (8/3, −4.5). A
stable and an unstable relative equilibrium above the circle are marked by black dots and
the dashed lines are stagnation curves. The two fat curves are body-fixed vortex trajectories
initiated at M and O and calculated numerically using Eqs. (4.2). The corresponding body
and vortex orbits in physical space are plotted in (b) and (c) with the same triangle at
the initial vortex position and a black triangle at its final position. The body and vortex
moves in the direction of the linear impulse vector P which is shown as a black arrow. The
initial and final body positions are also shown as shaded circles.

purely real. Then the Hamiltonian (4.14c) becomes
H=


1
1
[P − (1 − r̃v−2 )ỹv ]2 + (1 − r̃v−2 )2 x̃2v +
log(r̃v2 − 1)
2M
4π

(4.18)

See Fig. 4.3 for an example of such an energy landscape and corresponding body and
vortex trajectories.
Once the orbit of z̃v has been obtained as a contour of this Hamiltonian the component of z0 perpendicular to P may be directly obtained from angular impulse conservation (4.14b),
1
y0 = −(L + r̃v2 )/P.
2
To obtain the component of z0 parallel to P it seems there is no way around numerically
integrating the real part of Eq. (4.14a), i.e.
M ẋ0 = P − ỹv (1 − 1/r̃v2 ).
Using polar coordinates for the vortex position (x̃v , ỹv ) = (r̃v cos α, r̃v sin α), the
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Figure 4.4: Relative circle-vortex pair equilibria. Body-vortex distance at relative
equilibrium as function of P for different values of ρb (from 0 to 12 in steps of 2). The labeled
curves are the contours of the function ρb (P, r̃v ) obtained by isolating ρb in Eq. (4.19). For
all ρb ≥ 0 there is a critical value of P below which there are no equilibria. The shaded
area corresponds to positive Hessian (4.20) and the unshaded to negative Hessian. The
dashed zero contour of the Hessian crosses the ρb contours at a critical value of P below
which there are no relative equilibria. Above the critical value there is a stable outer and
an unstable inner equilibrium as confirmed in Fig. 4.3(a).

Hamiltonian may be written
H 0 ≡ 2M H − P 2 =(r̃v − 1/r̃v ) (r̃v − 1/r̃v − 2P sin α) +

M
log(r̃v2 − 1)
2π

To find relative equilibria we first differentiate this with respect to α and equate the
resulting expression to zero. This leads to the condition for relative equilibrium α =
±π/2 (or r̃v = 1, which is physically uninteresting). Differentiating H 0 with respect to
r̃v , equating the resulting expression to zero, and substituting α = ±π/2, one obtains
the conditions for relative equilibrium
r̃v6 ∓ P r̃v5 + (M/2π − 1)r̃v4 − r̃v2 ± P r̃v + 1 = 0

(4.19)

Only real roots larger than unity are physically interesting. These may easily be found
numerically for given values of M and P . The stability of the corresponding relative
circle-vortex equilibrium may also be found by evaluating the sign of the Hessian at
the equilibrium. Using Eq. (4.19) to eliminate M , the Hessian becomes
Hessian =

4P
(±2r̃v6 − P r̃v5 ± 2r̃v2 − 3P r̃v ∓ 4).
r̃v5

(4.20)

In Fig. 4.4 the relative equilibrium positions of the vortex are plotted for various values
of P and M . A circle indicates a stable equilibrium while a cross indicates an unstable
equilibrium. Only real roots larger than unity are plotted and this excludes all roots for
θ = −π/2. It is seen that for a given value of the body mass a saddle-node bifurcation
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occurs at a critical value of the linear impulse, P . Below this value there are no relative
equilibria. Since, as we shall see later, the existence of the unstable relative equilibrium
is crucial for onset of chaos when the body is slightly noncircular, one might speculate
that for sufficiently small P even noncircular bodies will not interact chaotically with
a vortex. This should be further investigated.

4.2.3

Arbitrary body, one vortex, and P = Γ = 0

From Eq. (4.8) we see that when Γ = 0 the Hamiltonian only depends on z0 via the
term Im [z0 P ]. Let us again choose the lab frame coordinates such that the x-axis
points along P . Then Im [z0 P ] = −y0 P and x0 is a cyclic coordinate and thus the
conjugate momentum Re(P ) = |P | is a constant of the motion, as we already know.
In the special case |P | = 0 we cannot align the x-axis along P . But in this case both
x0 and y0 are cyclic coordinates, and it is immediately clear that the Hamiltonian only
depends on the relative vortex positions. Thus, in the case of N = 1 and Γ = P = 0
the Hamiltonian is a function H(x̃v , ỹv ) whose contours are the vortex orbits in the
body-fixed coordinates. For each point z̃v along the contour the values of (v̂0 , Ω) can
be calculated from Eqs. (4.1) (where all the terms on the right hand side involving ẑ0
are zero because P = Γ = 0). From this the body trajectory can be obtained simply
by quadratures, and we conclude that the system is completely integrable for any body
shape and body mass distribution. To my knowledge this special integrable case has
not been discovered before.

4.2.4

Uniform circle, two vortices, and P = Γ = 0

The motion of a uniform circular body and 2 point vortices is integrable when Γ = P =
0. This was first shown in [Borisov et al., 2003] by use of the Liouville-Arnold theorem
(see e.g. Section 9.12 in Meiss [2007]). Here we show it simply by construction of the
reduced phase space coordinates on the two-dimensional manifold on which the system
moves in phase space. First note that with a body of unit radius the linear and angular
impulse equations become
M v̂0 = ρf Γ1 iz̃1 (1 − r̃1−2 ) + ρf Γ2 iz̃2 (1 − r̃2−2 ),

1
L = − ρf Γ1 r̃12 + Γ2 r̃22 ,
2
where M = M̂11 = M̂22 = π(ρf + ρb ), and we have set Ω = 0, cf. Section 4.2.1. The
Hamiltonian may be written

2
ρf 2
r̃1 eiβ − r̃2
1
2
2
2
2
Γ log(r̃1 − 1) + Γ2 log(r̃2 − 1) − Γ1 Γ2 log
,
H = M |v̂0 | +
2
4π 1
r̃2 r̃1 eiβ − 1
where we have defined the angle β = arg(z̃1 /z̃2 ). From the linear impulse equation we
have
(M/ρf )2 |v0 |2 = Γ21 (r̃12 − 1) + Γ22 (r̃22 − 1) + 2Γ1 Γ2 (r̃1 − 1/r̃1 )(r̃2 − 1/r̃2 ) cos β
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Substituting this into the the first term in the Hamiltonian, it becomes a function of
r̃1 , r̃2 and β. But from angular impulse conservation we see that we may express r̃2 as
a function of r̃1 ,

r̃22 = − Γ1 r̃12 + 2L/ρf /Γ2 .
With this substitution for r̃2 in the Hamiltonian, it becomes a function only of r̃1
and β, or equivalently, of X = r̃1 cos β and Y = r̃1 cos β. Plotting the contours of
H(X, Y ) gives the trajectories of vortex 1 in a coordinate system centred at the circle
and rotating such that its first axis always passes through vortex 2. Since r̃2 must be
real and positive, L conservation restricts the permitted range for r̃1 . For Γ1 /Γ2 ≥ 0
we have the restriction r̃12 ≤ (r̃1 (0))2 + (r̃2 (0))2 Γ2 /Γ1 while for Γ1 /Γ2 ≤ 0 we must
have r̃12 ≥ (r̃1 (0))2 + (r̃2 (0))2 Γ2 /Γ1 . We can choose the scale (and direction) of time
such that Γ2 = 1 and unit of mass such that ρf = 1. The remaining parameters in the
equations are then Γ1 , ρb and L. It would be interesting to see whether it is possible
to obtain the relative equilibria and their stability for this system as a function of Γ1 ,
ρb and L.
One way of construct such equilibria is to consider a body with ρb = ρf and place
the vortices very far from the body compared to the body radius which is here chosen to
be 1. Then we may expect the body to act essentially as a point vortex and the whole
problem to resemble the 3-vortex problem. In Section 3.1.3 we discussed the equilibria
of the 3-vortex problem and found e.g. that the equilateral triangular configuration was
a relative equilibrium whose stability depended on the combination of vortex strengths.
A good guess is therefore that if we place the body and the two vortices in the corners
of an equilateral triangle and made sure to initiate the body with the velocity that a
vortex would have had in its place, then this configuration is a relative equilibrium.
There are more cases of well-understood 3-vortex motion where it would be interesting
to examine the effect of replacing one of the vortices with a finite sized rigid body. What
happens for instance in the case of a collapsing vortex triplet if one of the vortices is
replaced by a uniform, circular body? A vortex pair may be launched to scatter off a
third vortex – a process that we know is integrable. But how does this change if the
“scatterer” is replaced by a rigid body? This are intriguing questions that we have not
had time to investigate in this project.

4.3

Chaotic body-vortex interactions

Having obtained an overview of the most obvious cases of integrable body-vortex interaction we now move on to study how this integrability is broken by various perturbations. We start by considering a perturbation of the circle-vortex system of Section
4.2.2 where the body is made elliptic in shape. Also the effect of varying the (homogeneous) body mass is explored. This is essentially the analysis of [Roenby and Aref,
2010a]. In Section 4.3.3 we then try to keep the body circular, but instead break the
cylindrical symmetry by giving the body slightly nonuniform mass distribution. This
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is in essence the results of [Roenby and Aref, 2011]. Finally we briefly demonstrate numerically the transition to chaos in the interaction of a body with a vortex pair when
the uniform circle of Section 4.2.4 is made slightly elliptic.

4.3.1

Uniform ellipse and one vortex

For a uniform body of elliptic shape the relevant model parameters and functions
are obtained by setting ζ0 = 0 in the expressions for the shape function f , the unit
potentials ŵj and further setting ρ(z̃) = ρb in the expressions for the effective mass
tensor elements, M̂jk . We use the units of time, length and mass mentioned earlier, i.e.
Γv = 1, R = 1 and ρf = 1.
To orient ourselves, four examples of the paths of vortex and body centre are shown
in Fig. 4.5. In Fig. 4.5(a) and (b) we have Γ 6= 0. In that case the body-vortex system
has a well-defined centre of vorticity, zcv = ρiP
, marked by the large black dot in the
fΓ
figure. In Fig. 4.5(a) the body and vortex are started far from one another (compared
to the body size), and so the velocity field generated by the body is dominated by
the term proportional to Γ0 in Eq. (4.2a); the terms due to the body motion fall off
more quickly with distance. To a first approximation, the body and vortex thus rotate
around the centre of vorticity much as a vortex pair of strengths Γ1 and Γ0 would, cf.
Fig. 3.1. In Fig. 4.5(b) the body and vortex are started close to one another. Although
the coupling of vortex and body is now much stronger, making the orbits very irregular,
there is still clearly an overall trend of moving around the centre of vorticity.
Fig. 4.5(c) only differs from Fig. 4.5(a) in that Γ0 = −1 such that Γ = 0. The
centre of vorticity, zcv , has moved off to infinity just as in the case of a vortex pair of
opposite strengths. Indeed, when the body and vortex are distant, they move much like
the vortex pair of opposite strengths in Fig. 3.2 in the direction of P , which is along
the x-axis for the chosen initial conditions. When the body-vortex pair with Γ = 0
are started close together, as in Fig. 4.5(d), their trajectories are apparently chaotic,
but there is still a general trend of motion in the direction of P , i.e., in the positive
x-direction. We shall return to the body and vortex trajectories later but first describe
our major numerical diagnostic of chaos, the Poincaré section.
Poincaré sections
The main case that we study in this section is Γ = 0. This corresponds to the circulations of body and vortex that one would find if the vortex had been shed from the
body, certainly a most important case from the point of view of applications. There
are at least two Poincaré sections that present themselves naturally. One, which we
refer to as the position Poincaré section or pps, pertains to the motion of the vortex. Examples appear in figures 4.8-4.10. The other, which we refer to as the velocity
Poincaré section or vps, pertains to the motion of the body. In the pps we plot the
position of the vortex in the body-centred frame, (x̃v , ỹv ), every time the body returns
to its original orientation, i.e., every time the angle θ = 2nπ for some integer n. In
the vps, we plot the velocity components of the body in the laboratory frame, (ẋ0 , ẏ0 ),
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Figure 4.5: Ellipse-vortex pair orbits. Vortex (double curve) and body (black curve)
paths and body positions (ellipses) for a = 0.8, ρb = 1, z0 (0) = 0, θ(0) = 0, ż0 (0) = 0,
Ω(0) = 0. In (a) and (b) Γ0 = −0.5 and the large black dot marks the centre of vorticity.
In (c) and (d) Γ0 = −1. The initial vortex position is (a, c) zv (0) = 15i; (b, d) 1.5i.
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(a)

(b)

(c)

Figure 4.6: Ellipse-vortex pair energy landscapes. Energy landscapes for ρb = 0.25,
Γ = 0 and (a) a = 0, (b) 0.5 and (c) 0.8. Dashed
1 lines are level curves through a hyperbolic
stagnation point (all stagnation points are marked by open circles). Initial vortex positions
used for Poincaré sections are marked by black dots.

every time θ = 2nπ. We have found it useful also to look at 3D “sections” by plotting
(x̃v , ỹv , Im(z0 P )/|P |) in the pps and (ẋ0 , ẏ0 , θ̇) in the vps (see Fig. 4.7). From Section
4.2.3, the case P = Γ = 0 is integrable. In any event, for the initial conditions used for
the sections constructed here we have P 6= 0.
The initial conditions for the numerically calculated solution curves used to generate
a Poincaré section are chosen such that they correspond to the same linear and angular
impulses and energy but have different initial separations between body and vortex. If
we insert the expression for V from Eq. (4.1) into the HM from (4.3), then the Hamilton
function becomes a function of z̃v , z0 , θ, P and L. Keeping all these quantities except
z̃v fixed in the resulting expression, we obtain an energy landscape, H(x̃v , ỹv ), the
contours of which correspond to initial vortex positions with the same energy and
impulses. Examples of such contours for various values of a are shown in Fig. 4.6.
The initial translational and angular velocity of the body required to keep the impulses
fixed vary along such a contour. For a given initial vortex position the required initial
velocity may be calculated from Eqs. (4.1). We stress that the contours in Fig. 4.6 are
not vortex trajectories because, as the system evolves, the dynamical variables used to
generate the contour change.
The linear and angular impulses used in all Poincaré sections in this section were
calculated from an arbitrarily chosen “seed” initial condition,
z0 = 0,

θ = 0,

zv = 2.2,

ż0 = 0,

θ̇ = 0.1

(4.21)

These lead to a nonzero P (and thus, to an overall motion of the body and vortex)
in the negative y-direction. From Fig. 4.6 it is clear that the “energy landscape”
resulting from this choice of initial condition undergoes several bifurcations as a is
varied between 0 and 1. We expect transitions between chaos and regularity to occur
as the initial separation between body and vortex is varied. Our approach has been
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Figure 4.7: 3D Poincaré sections for ellipse-vortex pair. The eccentricity a = 0.3
and the body density ρb = 0.25; (a) position Poincaré section, pps, and (b) velocity Poincaré
section, vps, for the same initial conditions.

to calculate a large number of contours within the region seen in Fig. 4.6 and then
pick our initial conditions along the contour that leads to the widest range of initial
body-vortex separations (although with the restriction that the level curve not come
closer than 0.05 to the body – we felt that placing a point vortex very close to a rigid
body would generate solutions that are artificial when compared to the trajectories of
a vortex in a viscous fluid). The initial vortex positions found in this way are shown
by black dots in Fig. 4.6.
It appears from Fig. 4.7 that all points from the different solutions lie on a 2D
surface in the 3D space. The figure also illustrates that the points of the Poincaré
sections may be split into those for which Ω ≤ 0 and those for which Ω > 0. This
separation conveniently allows us to plot projections of the 3D pps onto the (x̃v , ỹv )plane without encountering overlapping points from the (largely) regular and chaotic
regions.
Eccentricity variations
We have generated arrays of pps for a matrix of (a, ρb )-values: a = 0(0.1)0.8 and
ρb = 0.1, 0.25(0.25)1.5, and 2.0. In figures 4.8-4.10 we show a series of pps with a
varying between 0 and 0.8, and with ρb = 0.25. Among the eight values of the body
density explored we find this to be the value that most vividly illustrates the transitions
between chaos and regularity. (There is nothing special about the value, ρb = 0.25:
A different choice for the “seed” initial condition in (4.21), determining the values of
P and L used in the parameter scan, might have led to the a-scan at, say ρb = 1,
exhibiting the most interesting transitions between chaos and regularity).
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Figure 4.8: Eccentricity scan for ellipse-vortex pair, I. Pps for parameters ρb = 0.25
and (a-b) a = 0, (c-d) 0.1 and (e-f) 0.2. Left (right) column shows intersection points where
Ω < 0 (Ω > 0). The large dots are the corresponding initial vortex positions. The body
contour is shown by a thick line.
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Figure 4.9: Eccentricity scan for ellipse-vortex pair, II. As Fig. 4.8 but with (a-b)
a = 0.3, (c-d) 0.4 and (e-f) 0.5.
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Figure 4.10: Eccentricity scan for ellipse-vortex pair, III. As Fig. 4.9 but with
(a-b) a = 0.6, (c-d) 0.7 and (e-f) 0.8.
Γ0 = −1, Γv = 1, ρf = 1, ρb = 0.25, a = 0.2, ζ0 = 0, d0 = 0
185
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for four of the solutions in Fig. 4.8(e)
and 0 ≤ t ≤ 300. The selected orbits are (top) the innermost of the orbiting curves,
(bottom) the outermost curve trapped to the right of the body, and (middle) the two
solutions in-between in the chaotic band. The orbits are tilted 90◦ relative to the pps.
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The first thing to note is that there is no sign of chaos in Fig. 4.8(a) and (b). This
is as it should be, since these figures correspond to the integrable case a = 0 treated
in Section 4.2.2. In fact, in these pps the curves do trace out vortex trajectories in the
body-centred frame, viz the trajectories of z̃v . The body angular velocity is constant
and thus, since the vortex position is plotted every time θ (mod 2π) is zero, the Poincaré
section is simply a stroboscopic map. Some of the curves in Figs. 4.8(a) and (b) are
dashed because the period of the body-vortex motion happens to be in resonance with
the chosen stroboscopic frequency θ̇/(2π).
As we already knew from Fig. 4.3(a) there are both curves that encircle the body
and curves that stay on the right side of the body. Inspired by the vortex motion
in Fig. 4.3(b), we shall refer to curves in the pps that encircle the body as orbiting.
Likewise, inspired by the vortex motion in Fig. 4.3(c), we shall refer to curves that stay
on one side of the body as trapped. Trapped and orbiting motions are separated by
a hyperbolic point in Fig. 4.8(a) corresponding to the one marked by a black dot in
Fig. 4.3(a). This corresponds to an unstable relative equilibrium of the circle-vortex
system. Already for a = 0.1, Fig. 4.8(c), where the deviation of the ellipse from a
circle is hardly visible, we see signs of chaos. The chaos develops in a narrow band
separating the orbiting curves from the trapped curves to the right of the body. As
the eccentricity is increased this chaotic region in the left column of Figs. 4.8-4.10, i.e.,
for Ω < 0, becomes larger and larger, eventually consuming most of the phase space
shown.
Figure 4.11 shows the body and vortex trajectories for the two initial conditions in
the chaotic band in Fig. 4.8(e) and for the regular motions on either side of it. In the
trajectory shown at the top of Fig. 4.11 the vortex and body orbit one another in a
regular manner. The next two chaotic solutions show vortex trajectories that alternate
between orbiting and being trapped in an intermittent way. This “indecision” appears
to be the physical mechanism that leads to the scattering of the points in the pps and,
thus, to the numerical diagnosis of chaos. Finally, the trajectory at the bottom of
Fig. 4.11 shows the vortex and body moving along side by side with the vortex trapped
on one side of the body.
The presence of chaos in this region is presumably related to the unstable relative
equilibrium that we saw in the integrable a = 0 case in Figs. 4.3(a) and 4.8(a). Clearly
the slightest disturbance of a vortex on any of the homoclinic orbits starting at this
stagnation orbit can cause its path to change from orbiting to trapped or vice versa.
The small additional velocity field generated by the rotating body when a is slightly
above zero provides such a disturbance. As a is increased further, the intensity of the
disturbance is increased. Orbits in an ever wider band around the relative equilibrium
orbit are affected, apparently somewhat randomly, so that they alternate between orbiting and trapped motions. The “flipping” between orbiting and trapped motion will
depend on the size and direction of the velocity field from the body rotation at the
moment where the vortex passes by the unstable equilibrium point. If one could obtain
an analytical expression for the homoclinic orbit starting and ending at the hyperbolic
point in the energy landscape for a = 0, one could use the method of Melnikov to

85

4.3 Chaotic body-vortex interactions

0.9
0.8
0.7

yv − y0

0.6
0.5
0.4
0.3
0.2
0.1
0

0.7

0.8

0.9

xv − x0

1

1.1

1.2

Figure 4.12: Zoom-in for a refined pps. The parameters a = 0.4, ρb = 0.25, and Ω ≥ 0.
Initial conditions are concentrated near the transition between orbiting and trapped curves,
i.e., between the two rightmost black dots in Fig. 4.9(d).

prove rigorously the occurrence of chaos as a becomes nonzero (see e.g. Section 8.12 in
[Meiss, 2007]). We will not pursue such an analysis here but in principle the unstable
relative equilibria found in Section 4.2.2 gives a good starting point (even though one
might have to resort to numerical methods somewhere in the analysis).
In Fig. 4.8(b) there is also a stagnation point separating trapped solution curves
and orbiting curves. Yet, in the pps we do not observe chaos at this transition until a is
raised to 0.6 in Fig. 4.10(b). This turns out to be related to our crude sampling of initial
conditions along the energy contour. Indeed, as illustrated in Fig. 4.12, increasing the
density of initial conditions near the transition in Fig. 4.9(d) reveals a narrow chaotic
band also for a = 0.4. One expects such chaotic bands to exist for all a > 0 at all
transitions between orbiting and trapped curves. An interesting question is why the
chaos is so much more pronounced for body-vortex motions where Ω < 0, than for
motions where Ω > 0. A simple explanation might be that, for the solutions started
with Ω < 0, the vortex is on average closer to the body leading to stronger coupling.
This is only guesswork and we do not at present have a good understanding of this
difference.
A new feature appears in the pps as a is increased: In Fig. 4.9(a) we clearly see two
distinct chaotic regions. There is the old inner chaotic region touching the body and a
new outer chaotic region separated from the inner by a group of regular islands. There
is also a new type of regular curves to the left of the body. Both the outer chaotic
orbits as well as the new regular orbits extend into Fig. 4.9(b). These orbits crossing
the Ω = 0 plane are more clearly seen in the corresponding 3D vps in Fig. 4.7(b), where
they are the dark red/black curves encircling the ẏ0 -axis.
In Fig. 4.13 we plot body and vortex trajectories in and around this new outer
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chaotic band for the first 400 time units, just a fraction of the time series used for the
Poincaré sections. The black curves are the trajectories of the body centre while the
double curves are the vortex orbits. The leftmost plot is from the solution in Fig. 4.9(a)
that forms the regular group of islands separating the two chaotic regions. The second
plot is one of the two solutions starting in the outer chaotic region in Fig. 4.9(a). The
third solution is one of the regular curves to the left of the body in Fig. 4.9(a), while
the forth plot is again from the outer chaotic region, but this time one of the solutions
started in Fig. 4.9(b). Finally the fifth plot corresponds to the outermost regular curve
encircling the body in Fig. 4.9(b). Here we do not see a transition in the orbit topology
when crossing the chaotic band as we did in Fig. 4.11 when crossing the first chaotic
region. Indeed, the chaos in the second and forth set of trajectories only reveals itself
as a slight jiggling in the mutual orbiting motion of body and vortex.
To investigate the outer chaotic region further, we show in Fig. 4.14 the time evolution of the orientation of the body, i.e., θ modulo 2π, for the trajectories shown in
Fig. 4.13. The five traces of θ from top to bottom correspond to the five trajectories
from left to right. Thus the top trace is from a regular curve in the Poincaré sections, and we see monotonic clockwise body rotation. The second trace is taken from
the new outer chaotic band, and we again have clockwise rotation, but with a sudden
flip to counterclockwise rotation, and later a sudden increase in the amplitude of the
rocking. The middle solution shows regular clockwise rotation with a super-imposed
small amplitude periodic rocking. In the second to last trace the rocking is of higher
amplitude and the sense of rotation shifts abruptly from clockwise on average to coun-
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Figure 4.14: θ evolution. Time evolution of the body orientation θ modulo 2π for
the orbits in Fig. 4.13. Curves top to bottom correspond to trajectories left to right in
Fig. 4.13.

terclockwise about a third into the time interval shown. The last trace shows regular
counterclockwise body rotation with small amplitude rocking during the entire time
interval.
One possible explanation for the outer chaotic region might be the instability of
the unsteady translational body motion along its mayor axis, when there is no vortex
in the fluid. This motion was discussed in Section 2.2.6. In principle a body initially
in this state will keep translating steadily forever. However, adding a small external
disturbance will make the body shift between clockwise tumbling, rocking and counterclockwise tumbling in a random manner. As seen from the body a weak point vortex
added to the problem might exactly constitute such a random, external disturbance.
The apparent randomness shows in Fig. 4.13 as the slight jiggling in the second and
forth set of orbits. We do not claim to have a full mechanistic understanding of this
chaotic region. The region comes into existence somewhere between a = 2 and a = 3
as may be seen by comparing Fig. 4.8(e) and Fig. 4.9(a). An interesting observation is
that the solutions becoming chaotic in Fig. 4.9(a) seem to be in resonance in Fig. 4.8(e).
Thus, one might try to understand this transition to chaos using the ideas of Chirikov
about resonance overlap as described e.g. in Section 9.17 of [Meiss, 2007]. In any case,
it is interesting to note that this second regime of chaos seems to have a large effect for
the body motion, while the effect of the first chaotic regime is most dramatic for the
vortex motion.

4.3.2

Body mass variations

Instead of keeping ρb fixed and varying a we will now investigate the effect of varying the
body mass. The Poincaré sections displayed in Fig. 4.15 were produced with a = 0.8 and
ρb = 0.25, 1.5, 4 and 16. The vps is a little different from that considered previously in
that the points are intersections with the arg(z̃v ) = 0 surface instead of the θ = 0 surface
used earlier. Thus, where both the section and vps in the previous investigation only
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Figure 4.15: Body mass scan. Vps for a = 0.8 and (a) ρb = 0.25, (b) 1.5, (c) 4 and (d)
16. Dots are intersections of the solution curves with the arg(z̃v ) = 0 surface.

involved body coordinates, the new section involves both body and vortex coordinates,
or rather the relative orientation of body and vortex. As anticipated the effect of the
vortex on the body motion becomes less and less pronounced as we increase body mass.
Thus, for ρb = 0.25 all the solutions of the Poincaré section appear chaotic, while for
ρb = 16 all solutions appear regular. In the limit of infinite body mass, or equivalently,
zero fluid density, the body will have constant linear and angular velocity since it will
not notice the light fluid around it. The labeling of the axes shows that the variations i
the body velocity for ρb = 16 are smaller than for ρb = 0.25 by an order of magnitude.
The vortex will, however, still feel the presence and motion of the body, but as discussed
in Section 3.3.2, the motion of a single vortex near a steadily moving body is completely
integrable. This explains the increasing regularity in Fig. 4.15 when the body mass is
increased.

4.3.3

Nonuniform circle and one vortex

We now explore the case where, instead of making the body slightly elliptic as in the
previous sections, we consider a circular body with its centre of mass slightly displaced
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from its geometrical centre. Certainly, many real-world rigid bodies, man-made or
natural, do not have uniform mass distribution and therefore may have their centre
of mass displaced from their geometrical centre. In some sense this perturbation is
even simpler than the slightly elliptic body we considered in the previous sections:
In Eqs. (4.2) making the body slightly elliptic resulted in ψ̂1 6= ψ̂2 and introduced a
ψ̂3 6= 0. It also introduced the following perturbation of the effective mass tensor,


M −ε
0
0
 0
M +ε
0 ,
0
0
I0 + δ
where M, I0 , ε and δ are constants, the latter two being the perturbation. These new
terms in Û , V̂ and Ω entered into the equations of motion Eq. (4.2) for both the vortex
and the body. In the vortex equations of motion also the terms ŵ30 and f 00 /f 0 became
nonzero. On the contrary, when we destroy the cylinder symmetry of the body by
making the body slightly inhomogeneous, the only difference in the equations of motion
compared to the integrable motion with a uniform circle is the following perturbation
of the effective mass tensor,


M 0
0
0 M
ε 
0
ε I0 + δ
where, without loss of generality, we have assumed z̃cm to be real. We still have ψ̂1 = ψ̂2
and ŵ3 = f 00 /f 0 = 0 in Eqs. (4.1) and (4.2). In this sense, making the body slightly
inhomogeneous is a “cleaner” perturbation of the original integrable system.
Our method of investigating the system is practically identical to the one described
in the previous sections for the uniform elliptic body. We choose our laboratory coordinates such that z0 (0) = 0 and θ(0) = 0. We choose our units of length, mass and
time such that R = ρf = Γv = 1. The remaining parameters are then the body mass,
m, the location of the centre of mass, zcm , and the moment of inertia, I0 . For this
study, we choose the body to be “neutrally buoyant”, i.e. ρb = ρf = 1, so that m = π.
The basic perturbation parameter is the centre of mass displacement, z̃cm . Here we
choose this to be z̃cm = 0.1. Clearly there are many ways to distribute mass inside the
body such that it has mass m and centre of mass at z̃cm . These in general result in
different values for the moment of inertia I0 . It would be interesting to study the effect
of different mass distributions giving rise to different values of I0 , but here we simply
choose to consider I0 = π/2. This is the same value as for a uniform circle of mass m.
Having chosen values for the model parameters we must now specify the remaining
initial conditions. These are the initial vortex position, zv (0), the velocity of the body,
v0 (0), and its angular velocity, Ω(0), or equivalently as discussed in Section 4.1, the
vortex positions zv (0), and the impulses P and L. Here we choose (somewhat arbitrarily) to consider initial conditions with (P, L) = (2 + 0i, −2.5). Having specified P and
L and the body initial position and orientation, the energy H is now only a function
of x̃v (0) and ỹv (0). As for the ellipse in the previous sections, we may plot contours of
H(x̃v (0), ỹv (0)). The thick (black) curves in Fig. 4.16 are such contours of initial vortex
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Figure 4.16: Energy landscape with nonuniform circle. Solid (black) disk is the
body, thick (black) curves are contours of H(xv (0), yv (0)). Arrows (blue) are the corresponding initial body velocity along the contour H = 1. Thin (red) curves are contours of
the corresponding initial body angular velocity.

positions having the same values of (P, L, H). For different points along the H = 1
contour the body initial velocity, v0 (0), required for (P, L) to be (2, −2.5) is shown as a
blue arrow. Also contours of the required initial angular body velocity, Ω(0), are shown
as thin, red curves. The diagram in Fig. 4.16, then, summarises how to choose initial
data in order to follow body-vortex motion for fixed parameters and chosen values of
the integrals of motion.
In order to investigate variations in the behavior of the system for fixed values of
the integrals of motion, we have obtained numerical solutions for each of ∼ 50 initial
vortex position along the H = 1 contour in Fig. 4.16 with a v0 (0)-arrow attached to it.
We choose the Poincaré sections as in Section 4.3.1: Each time the body orientation
(mod 2π) returns to its initial value θ(0) = 0 we plot a point in a three-dimensional
reduced phase spaces which we denoted pps and vps in Section 4.3.1. The result of the
calculation is shown in Fig. 4.17 which is the analog of Fig. 4.7.
As for the uniform ellipse, all the points in the Poincaré sections lie on a twodimensional surface embedded in the three-dimensional reduced phase space. Most of
the calculated solutions are regular resulting in the dots of the Poincaré section lining up
on curves on this surface. This is not so surprising considering the small perturbation
from the integrable system of a vortex and a uniform circle that we have introduced by
setting zcm (0) = 0.1. Nevertheless there are some “fuzzy regions” in the section where
the points from a single solution seem to occupy an area rather than a curve on the
surface. To get a clearer view we plot the two-dimensional pps in Fig. 4.18 which is the
analog of (a pair of panels in) Figs. 4.8-4.10.
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Figure 4.17: 3D Poincaré sections with nonuniform circle. Included numerical
solutions are from the initial conditions on the H = 1 contour in Fig. 4.16 where there is
an arrow. A point is plotted each time the body orientation θ (mod 2π) returns to zero.
In the left panel the reduced phase space in which the points are drawn is spanned by
position coordinates of the vortex and body. In the right panel it is spanned by the body
linear and angular velocities. Points for which θ̇ > 0 (θ̇ < 0) are coloured red (black).

From the figures it is seen that just as for the ellipse there are two distinct chaotic
regions. In fact, the similarity between the Poincaré sections for the uniform ellipse
and for the nonuniform circle is quite remarkable. The existence of the inner chaotic
region in both cases is not so surprising since it originates from the unstable relative
equilibrium position of the point vortex relative to the body seen in Fig. 4.3(a). To
confirm this, the solutions marked by M and O in the right panel of Fig. 4.18 are
investigated further. They are started with almost identical initial conditions, but
nevertheless, the M solution exhibits regularity while the O solution clearly exhibits
chaos. In Fig. 4.19 we plot the first 300 time units of the corresponding vortex and body
trajectories for these two solutions. We also plot the corresponding time evolution of θ̇.
For the regular M solution the body-vortex pair travels side-by-side towards the right
in what we earlier referred to as the trapped motion because the vortex is trapped on
the one side of the body. The periodicity of both the trajectories and the θ̇ evolution is
apparent. For the chaotic O solution, on the other hand, the body-vortex pair is unable
to “decide” whether to travel towards the right in the trapped or in the orbiting mode.
The evolution of θ̇ has also become irregular for the O solution.
In a similar manner we examine trajectories at the edge of the outer chaotic region
in the left panel of Fig. 4.18 . Here the . solution in the right panel of Fig. 4.18 is regular while the / solution is chaotic. From Fig. 4.20 we see that this transition to chaos
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Figure 4.18: 2D Poincaré sections with nonuniform circle. The structure of the
left panel in Fig. 4.17 viewed from the y0 -axis and split up into points at which θ̇ > 0 (left
panel) and θ̇ < 0 (right panel). The four white triangles in the right panel mark the initial
vortex positions for the solution curves shown in Figs.4.19 and 4.20. The region occupied
by the body is displaced as a black disk.

is not associated with a change in the orbit topology as in Fig. 4.19. The body-vortex
pair moves towards the right in the orbiting mode in both figures though the motion
becomes somewhat “wobbly” in the chaotic solution. For the evolution of θ̇ on the other
hand there is a dramatic qualitative change between the two almost identical initial
conditions. The existence of the outer chaotic region is a little surprising because in
Section 4.3.1 we tried to argue that the corresponding chaotic region there was related
to the instability of body motion along its major axis. We recall from Eq. (2.64) that
the Hessian giving the linear stability of the body’s two translational eigen-modes was
proportional to ±(M̂11 − M̂22 ). Therefore a circular body has no stable or unstable
translational eigen-motions regardless of its internal mass distribution. Thus, the explanation to the occurrence of the outer chaotic region seems to be more subtle. One
way of investigating this further could be to go through with the numerical search for
relative equilibria outlined in Section 4.1.2.

4.3.4

Uniform ellipse, two vortices, and P = Γ = 0

We conclude this chapter by briefly demonstrating the occurrence of chaos in the interaction of a body with two point vortices. The integrable system that we will perturb
is the system of a uniform circle and two vortices with P = Γ = 0 described in Section
4.2.4. We consider a uniform, neutrally buoyant elliptic body with a = 0.2. In Fig. 4.21
we plot contours of the Hamiltonian as a function of the initial position of vortex 2
when the body is initially at the origin and vortex 1 is started at z1 = 2. See the
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Figure 4.19: Regular and chaotic solutions, I. (a) Trajectories of vortex (blue) and
body (red) for the first 300 time units with the initial vortex position marked by M in
the right panel of Fig. 4.18. The body-vortex pair travels towards the right. Their final
positions are shown with a (red) dot and a circle, respectively, and also the final body
orientation is displayed in the body. Below is shown the corresponding evolution of the
body angular velocity, θ̇. A black dot is placed for every 50 time units. (b) is similar to
(a) but for the initial condition shown with O in Fig. 4.18.
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Figure 4.20: Regular and chaotic solutions, II. Trajectories and θ̇-evolution as in
Fig. 4.19 but with integration times of 600 time units and black dots placed for every 100
time units. (a) corresponds to the initial condition marked with . in the right panel of
Fig. 4.18. (b) corresponds to the one marked by /.
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Figure 4.21: Energy landscape for ellipse and vortex pair. Contours of H as a
function of z̃2 (0) in polar coordinates with the body and vortex 1 at (z0 (0), z1 (0)) = (0, 2).
The body and fluid densities are ρb = ρf = 1, the body is an ellipse with (R, a) = (1, 0.2),
the circulations are (Γ0 , Γ1 , Γ2 ) = (1, −3, 2) and the impulses are (P, L) = (0, 1). The fat
contours with white dots are used in the generation of Figs. 4.22 and 4.23.

figure caption for the remaining parameters. A number of contours are fat with white
dots. Each fat contour has been used to generate a Poincaré section with the white
dots marking the initial position of vortex 2. The Poincaré section is chosen to be the
positive x̃1 -axis, i.e. ỹ1 = 0 and x̃1 ≥ 0. Poincaré sections generated from the four
closed contours at the bottom of Fig. 4.21 are plotted in Fig. 4.22 in a 3D reduced phase
space spanned by x̃2 − x̃1 , ỹ2 − ỹ1 and Ω. Fig. 4.22(a) corresponds to the innermost
closed contour in Fig. 4.21, and Fig. 4.22(d) to the outermost. The Poincaré sections
generated from the five uppermost fat contours in Fig. 4.21 are shown in Fig. 4.23 (in
the same vertical order). For these it is convenient to plot the section in a 2D reduced
phase space spanned simply by x̃2 and ỹ2 . We also plot the body as a black disk. It
is apparent from Fig. 4.23 that there are restrictions on how close vortex 2 can come
to the body when vortex 1 passes the positive x̃-axis. This is probably the restriction
from L conservation that we also encountered for the integrable case in Section 4.2.4.
It is also apparent from Fig. 4.23 that the chaotic regions are most dominant for the
energy contours closest to the body in Fig. 4.21 (i.e. for small mod (z̃2 )). Also, in
all panels of Fig. 4.22, there is a regular region just to the right of the body. This
probably corresponds to solutions where the two vortices are close to each other and
thus effectively interacts with the body as one vortex of strength Γ1 + Γ2 (recall from
Section 4.2.3 that when P = Γ = 0 the interaction of one vortex with an arbitrary body
is integrable). To gain further insight into the mechanisms of chaos in the interaction of
a body with two vortices we must study the body and vortex orbits in physical space.
We shall leave this for future work.
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Figure 4.22: 3D Poincaré sections for vortex pair and a uniform ellipse. The
case of vanishing linear impulse and net circulation, P = Γ = 0. See text and Fig. 4.21
caption for details.
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Figure 4.23: 2D Poincaré sections for ellipse and vortex pair. The case of vanishing
linear impulse and net circulation, P = Γ = 0. See text and Fig. 4.21 caption for details.
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Summary and outlook
By considering the number of degrees of freedom versus the number of conserved quantities, it is easily shown that the free motion of a rigid body of arbitrary shape and
mass distribution in unbounded 2D ideal fluid is completely integrable. The surrounding fluid motion is not expected to be integrable, but this is difficult to show since in
general the body only interacts with a fluid particle for a limited time when it passes by
it. By considering an elongated body launched with large rotational velocity compared
to translational velocity, we have demonstrated numerically, that such a body drags
with it an atmosphere of fluid particles in its motion though the fluid. This facilitates
the construction of Poincaré sections to diagnose the occurrence of chaos in the atmosphere. Indeed, the atmosphere is shown to contain both regular and chaotic regions.
We demonstrate how the atmosphere evolves and eventually disappears as we increase
the ratio of initial translational to rotational body velocity. At least some features
of the atmosphere may be understood from KAM theory, when considering the body
motion as a perturbation of its purely rotational state, where the fluid particle motion
is also integrable.
Since atmospheres primarily arise for small translational velocity perturbations of a
steadily rotating body, one can argue that this is not a phenomenon one would readily
observe in practical applications. Applications of the theory of motion of rigid bodies
through ideal fluid tend to concentrate on a state of steady translation of the body, such
as an airplane wing in flight, and small perturbations around such a state. Without
circulation about the body, or a trapped vortex, there is typically no atmosphere in this
regime (in the inviscid case). The rotation-dominated regime where the atmosphere
arises may be applicable to problems of objects falling through a fluid, in particular if
the motion has the nature of tumbling. Falling plant seeds, or objects falling through
the ocean, may thus carry fluid with them in an atmosphere. This transport mechanism
may be of some interest in various contexts. Since in such contexts it is inertially driven,
it would probably occur transversely to a prevailing weak stratification. We also note
in this connection that the problem of a falling plate [Andersen et al., 2005] has been
linked to the problem of insect flight. Thus, it is possible that the beating wing of an
insect also maintains a certain invariant volume of fluid around it even as the insect
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flies.
If we take the body out of the fluid, and replace it by a number of point vortices, it
is easy to show that the motion of up to 3 vortices is completely integrable. For more
vortices their motion is only integrable in special cases, e.g. when there is a symmetry
or when the total circulation and linear impulse both vanish. The fluid motion induced
by the vortices is integrable for the 2-vortex problem, but nonintegrable for the 3-vortex
problem. These are classical results, but we have demonstrated the transition to chaos
in a series of numerical experiments, where we gradually split one of the vortices in
a neutral vortex pair into two vortices, and visualise how the fluid atmosphere of the
resulting neutral vortex triplet breaks down.
If a stationary, circular body is present in the fluid, then linear impulse conservation
is lost, while angular impulse conservation is preserved. Therefore the 3-vortex motion
becomes nonintegrable. The 2-vortex motion is still integrable, but the same no longer
holds for the flow induced by the vortices. The symmetry around the body may be
broken, either by making it noncircular, or by making it move steadily through the
fluid (or equivalently, by imposing an overall steady flow past the body). In both
cases we loose angular impulse conservation, and the only remaining invariant is the
Hamiltonian. Thus, only 1-vortex motion is integrable, and even here, the induced fluid
flow is nonintegrable. We have derived expressions for the impulses and forces on the
body in terms of the vortex positions and strengths and the unit complex potentials
associated with motion of the body shape in question. These expressions may be useful
for estimating vortex forces on a cylinder in real flows.
If the body is allowed to move in some arbitrary way, e.g along a prescribed path,
then the vortex motion is still Hamiltonian but the Hamiltonian becomes time dependent and we lose integrability completely. For the body to move along the prescribed
motion, we must exert external forces on it both to accelerate the body and the surrounding fluid. What happens if instead we simply set off the body with some initial
translational and angular velocity and let it move freely in response to the fluid forces?
Then we regain impulse conservation for the fluid plus body considered as a unified system. These regained conservation laws determine the coupling between the motion of
the body, and the vortices and we demonstrate that the coupled system is Hamiltonian
with the (nonsingular part of the) kinetic energy serving as the Hamiltonian. In spite
of the classical nature of the subject, this was only proven in recent years. We have
found and clarified/corrected a number of ambiguities/errors in the existing literature
on the subject.
Armed with the equations of motion and the Hamiltonian we embark on a journey
through the different cases of integrable body-vortex interaction. For each case we
explicitly construct physically intuitive coordinates in a phase space reduced to 2D by
use of the invariants of the system. In the reduced coordinates the Hamiltonian gives an
energy landscape whose contours are the orbits of the system. Thus, relative equilibria
can be found as its extrema, and their linear stability can be evaluated by the second
derivative test. This all depends on the system parameters which are the fluid density,
the body and vortex circulations, the impulses, and all the parameters in the functions
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determining the body shape and density. The main integrable case considered here is
the interaction of a single vortex with a uniform, circular body. In the special case of
vanishing total circulation and linear impulse the Hamiltonian becomes independent
of the body position. In this case the interaction of a vortex with a body of arbitrary
shape and density is integrable. Also the interaction of two vortices with a uniform,
circular body becomes integrable, when the net circulation and linear impulse vanish.
Other integrable special cases with different symmetries exist but these have not been
treated here.
The emergence of chaos has been investigated by generating Poincaré sections from
numerically obtained solutions. We have discovered two separate chaotic regimes in
the interaction of a body and a single point vortex when the body is either noncircular
or has asymmetric internal mass distribution. By identifying the chaotic solutions and
studying the body and vortex orbits, we have obtained a better mechanistic understanding of the causes of chaotic behavior. At least one of the chaotic regimes can be
traced back to an unstable relative equilibrium of the perturbed integrable circle-vortex
system. For this regime the effect of chaos seems to be largest on the vortex, while
for the other, the chaos primarily expresses itself in the body motion. Finally, we have
briefly demonstrated the occurrence of chaos in the interaction of a body with two
point vortices.
There is a multitude of interesting questions that we have not had the time to
address in this work. For the atmosphere of a moving body, it would be interesting
to see whether one could generalise the notion of drift [Darwin, 1953] to this kind of
motion and maybe relate it to the area occupied by the atmosphere. For body-vortex
interactions our overview of relative equilibria and their stability both in the case of
fixed and moving body is far from complete. There is also the intriguing question of
what happens in terms of chaos and integrability when there are more rigid bodies in the
fluid moving under the influence of each other, see e.g. [Ramodanov, 2003] and [Tchieu
et al., 2010]. The most interesting question, which has been somewhat downplayed in
this work, is however: Does all this have anything to do with the behavior of real-world
body-fluid interactions?
Admittedly, the price of simplifying the body-vortex interaction to the extent done
here is that it hardly resembles any real-world fluid-structure interaction situation.
Nevertheless, it is conceivable that the transitions between chaotic and regular behavior often observed in real fluid-structure interactions may originate from mechanisms
similar to those identified here for the model system. Hence, in spite of its questionable
reality, the simplified model may serve as an important tool for obtaining insights into
certain aspects of real fluid-structure interactions. It would certainly be of interest to
see whether mechanisms for onset of chaos such as those identified here could be recognized in experiments or in CFD simulations. We might conclude as Darwin [1953] did
more than five decades ago: “In view of the great progress made in recent years in the
study of the motion of real fluids, these matters may seem of secondary importance,
but a knowledge of them does help in understanding some of the important features of
the fluid motion.”
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Appendix A

Publications
The following four pages show, respectively, the front pages of the papers
1. Roenby and Aref [2010a], “Chaos in body-vortex interactions” in Proceedings of
the Royal Society A,
2. Roenby and Aref [2010b], “On the atmosphere of a moving body” in Physics of
Fluids,
3. Aref, Roenby, Stremler, and Tophøj [2011], “Nonlinear excursions of particles in
ideal 2D flows” in Physica D,
4. Roenby and Aref [2011], “Chaotic dynamics of a body-vortex pair” in Journal of
Fluids and Structures.
At the submission time of this thesis paper 1-3 were published, while paper 4 was
submitted and under review. The results reported in paper 1,2 and 4 are included (and
slightly extended) in this thesis, and so are my contributions to paper 3. The thesis
contains a number of unpublished results (in particular regarding the interaction of a
body with two vortices) that will form the basis of future publications.
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The model of body–vortex interactions, where the ﬂuid ﬂow is planar, ideal and
unbounded, and the vortex is a point vortex, is studied. The body may have a constant
circulation around it. The governing equations for the general case of a freely moving
body of arbitrary shape and mass density and an arbitrary number of point vortices
are presented. The case of a body and a single vortex is then investigated numerically in
detail. In this paper, the body is a homogeneous, elliptical cylinder. For large body–vortex
separations, the system behaves much like a vortex pair regardless of body shape. The
case of a circle is integrable. As the body is made slightly elliptic, a chaotic region grows
from an unstable relative equilibrium of the circle-vortex case. The case of a cylindrical
body of any shape moving in ﬂuid otherwise at rest is also integrable. A second transition
to chaos arises from the limit between rocking and tumbling motion of the body known
in this case. In both instances, the chaos may be detected both in the body motion and
in the vortex motion. The effect of increasing body mass at a ﬁxed body shape is to
damp the chaos.
Keywords: body–vortex interaction; ideal ﬂuid dynamics; point vortices;
dynamical system; chaos

1. Introduction
There are many ﬂow situations in nature and technology that involve a rigid body
and a system of vortices, e.g. for steady ﬂow, the well-known and ubiquitous
vortex street wake named for von Kármán. The interaction of these vortices
and the body producing them is a problem of great practical interest since it
determines key aspects of the drag and lift experienced by the body. For some
recent experiments showing the variety of wake structures possible behind a body
in oscillatory motion, see Schnipper et al. (2009).
In general, real ﬂows of this kind are (somewhat) three dimensional. Viscous
effects are important both in producing the vortices and in eventually dissipating
them. The vortices are usually most compact and clearly deﬁned close to where
they are produced, and then gradually lose deﬁnition. In this paper, we consider
a time-honoured idealization of the two-dimensional version of body–vortex
interaction that, in its essentials, goes back to von Kármán’s modelling of the
*Author for correspondence (johan.roenby@gmail.com).
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Accepted 25 January 2010

1871

This journal is © 2010 The Royal Society

PHYSICS OF FLUIDS 22, 057103 共2010兲

On the atmosphere of a moving body
Johan Roenbya兲 and Hassan Arefb兲
Center for Fluid Dynamics, Technical University of Denmark, Kgs. Lyngby DK-2800, Denmark

共Received 21 December 2009; accepted 29 March 2010; published online 11 May 2010兲
We explore whether a rigid body moving freely with no circulation around it in a two-dimensional
ideal fluid can carry a fluid “atmosphere” with it in its motion. Somewhat surprisingly, the answer
appears to be “yes.” When the body is elongated and the motion is dominated by rotation, we
demonstrate numerically that, indeed, regions of fluid follow the body in its motion. We see this as
an example of the stability of Kolmogorov–Arnold–Moser tori. These observations of an
atmosphere around a moving body with no circulation around it appear to be new. © 2010 American
Institute of Physics. 关doi:10.1063/1.3406960兴
I. INTRODUCTION

By the atmosphere of a moving body we mean a region
of fluid 共area or volume兲 that moves alongside the body, as if
bound to it, in its motion through the fluid. In this sense the
notion of an atmosphere was probably first used by Kelvin1
in connection with the fluid volume carried forward with a
vortex pair or vortex ring. Translating vortex patterns generally carry fluid with them. Here we are interested in a related,
even more immediate problem: if we launch a body on a
trajectory through fluid otherwise at rest, will it carry a region of fluid with it?
In a viscous fluid the answer would have to be “yes.” For
example, consider a circular cylinder translating uniformly.
For a range of moderate Reynolds numbers the flow is stationary when viewed from the reference frame moving with
the cylinder and a vortex pair exists behind the cylinder. The
fluid inside the separatrix enclosing this vortex pair may be
regarded as an atmosphere since it follows the body in its
motion. If the fluid is inviscid and we allow a finite circulation around a uniformly translating cylinder, we may also
have a constant separatrix around the cylinder when viewed
in a comoving frame. Again we may regard the fluid inside
this separatrix as an atmosphere of the moving body since its
constituent fluid particles stay with the body forever. But
what if the fluid is inviscid and there is no vorticity and no
circulation around the body? Can fluid particles then be carried along with the body in its motion or are they, so to
speak, washed away as the body proceeds? Certainly for
simple translational motion of the body, as analyzed by
Maxwell2 for a translating circular cylinder with no circulation around it, only the two particles sitting at the forward
and rearward stagnation points can be said to be carried
along forever. We would hardly consider these particles,
even if augmented by the incoming forward stagnation
streamline, to be an atmosphere. For pure translation of a
noncircular body the flow is simply obtained from the
a兲
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circular case by a conformal mapping. Thus, for simple
translational motion of a body in an inviscid fluid the answer
to our question would be “no.” Our notion of an atmosphere
implies areas or regions of fluid of finite area. Points, curves,
and other “sets of measure zero” do not constitute an atmosphere.
In general, however, a noncircular body moving freely in
an inviscid fluid in response to the pressure force on its
boundary both translates and rotates. In the two-dimensional
共2D兲 case, to which we confine attention, the motion of the
body is integrable. For a symmetric body shape, such as an
ellipse, the motion may be obtained in terms of elliptic integrals as first shown by Kirchhoff.3 For such a body there are
three “eigenmotions,” namely, uniform translation along
each of the axes of symmetry and uniform rotation around
the center of symmetry. In the case of pure rotation, the
stream function in the body-fixed, corotating frame of reference may be found. For sufficiently elongated body shapes it
clearly shows islands of fluid corotating with the body, each
island surrounding an elliptical fixed point. This is discussed
in Ref. 3, Sec. 72, where the important 1913 paper by
Morton4 is mentioned. Forty years later, the phenomenon
was rediscovered by Darwin5 in connection with his analysis
of what is now called drift. Dynamical systems theory, in
particular the Kolmogorov–Arnold–Moser 共KAM兲 theorem6
then shows that such islands are stable to small perturbations. Hence, we expect that for small translational velocity
共relative to the angular velocity times a typical dimension of
the body兲, the islands found for the case of pure rotation will
be partially stable, in the sense that there will still be an area
of fluid that follows the body in its motion. This area constitutes the atmosphere.
In the remainder of the paper we document the
statements made here. In Sec. II we provide some details
for the analytically accessible case of pure rotation. In
Sec. III we then explore by numerical experiments how
the stability and eventual breakdown of the atmosphere
depends on initial conditions. Finally, Sec. IV contains our
conclusions.
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abstract
A number of problems related to particle trajectories in ideal 2D flows are discussed. Both regular particle
paths, corresponding to integrable dynamics, and irregular or chaotic paths may arise. Examples of both
types are shown. Sometimes, in the same flow, certain particles will follow regular paths while others
follow irregular paths. Even in the chaotic region the amount of regularity or irregularity of a path depends
on initial conditions and system parameters. The notion of a transported fluid region or ‘‘atmosphere’’
is mentioned. Various conclusions, ideas and queries are formulated based on the examples given. The
intimate mix of regular and chaotic trajectories complicates a purely Lagrangian approach to fluid flow
problems.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
It is well known that fluid dynamical problems may be approached using either the Lagrangian or the Eulerian representation.
In a number of applications, fluid stirring and mixing problems
in particular, the Lagrangian representation captures important
information on the motion and distribution of individual particles.
The appearance of chaotic particle trajectories, which is possible
even in very simple flows, is an important phenomenon, both
fundamentally and from the perspective of applications. We shall
refer to the complex motions that passive particles, vortices,
or rigid bodies interacting with their ambient flow undergo as
nonlinear excursions. In this paper we summarize some of our
experiences in this problem area by juxtaposing various examples.
We work in an idealized ‘‘universe’’ that consists of 2D ideal flow,
point vortices, freely moving rigid bodies (with slip boundary
conditions) and passively advected particles. We survey a number
of cases and formulate some conclusions that we hope may be of
interest and applicability beyond our idealized flow situations.
It is a pleasure to dedicate this paper to Lou Howard on the
occasion of his 80th birthday.
2. Advection
The simplest problem of the type under consideration is the
motion of a passively advected particle in a prescribed flow.

∗ Corresponding author at: Department of Engineering Science & Mechanics,
Virginia Tech, Blacksburg, VA 24061, USA.
E-mail address: haref@vt.edu (H. Aref).
0167-2789/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
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Equivalently, this problem addresses the kinematics of the flow
itself since every particle of the fluid may be thought of as being
passively advected by the flow of which it is a part. The potential
complexity of this problem is immediately apparent by considering
the case of 2D incompressible flow given by a streamfunction
ψ(x, y, t ):
dx
dt

=

∂ψ
,
∂y

dy
dt

=−

∂ψ
.
∂x

(2.1)

These equations are in the form of Hamilton’s canonical equations
for a one-degree-of-freedom system, with x and y as the conjugate variables and with the stream function, ψ(x, y, t ), playing the
role of Hamiltonian. This identification derives from the incompressibility of the flow, and so pertains both to inviscid and viscous flows. The dissipative dynamics of a viscous fluid can still have
‘‘conservative’’ Hamiltonian kinematics so long as the fluid is incompressible.
A pair of conjugate variables in a Hamiltonian system are
usually thought of as a ‘‘generalized coordinate’’ and a ‘‘generalized
momentum’’. In the case of flow kinematics or advection both
conjugate variables are coordinates of the advected particle. In this
sense, as advection by an incompressible 2D flow is followed in
real space, one is peering into the phase space of the Hamiltonian
system defined by its flow kinematics. While this identification
must have been known for quite some time, its consequences
in terms of fluid stirring and mixing were realized only more
recently [1].
If ψ is independent of time, Eqs. (2.1) constitute two first-order
ODEs with a conserved quantity, namely ψ itself. Such a problem is
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Abstract
We study an idealized model of body-vortex interaction in two dimensions.
The fluid is incompressible and inviscid and assumed to occupy the entire
unbounded plane except for a simply connected region representing a rigid
body. There may be a constant circulation around the body. The fluid
also contains a finite number of point vortices of constant circulation but
is otherwise irrotational. We assign a mass distribution to the body and
let it move and rotate freely in response to the force and torque exerted
by the fluid. Conversely, the fluid moves in response to the body motion.
We study the occurrence of chaos in the system of ODEs emerging from
these assumptions. It is well-known that the system consisting of a circular
body with uniform mass distribution interacting with a single point vortex is
integrable. Here we investigate how this integrability breaks down when the
body center-of-mass is displaced from its geometrical center. We find two
distinct regions of chaos and discuss how they relate to the topology of the
trajectories of body and vortex.
Keywords: body-vortex interaction, point vortex, ideal flow, dynamical
system, chaos, integrability
1. Introduction
The interaction of a bluff body and a few vortices is a recurring theme
in many contexts, including the response of man-made structures to an oncoming flow, the swimming of fish, and the flight of insects. We have been
exploring a class of models of body-vortex interactions that are, on one hand,
extremely simple – some may say oversimplified – yet, on the other hand,
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The examiners’ supplementary statement
and evaluation of the Ph.D. thesis.
Chaos and Integrability in Ideal Body-Fluid Interactions
by Johan Rønby Pedersen
The subject of Johan Rønby Pedersen’s PhD project and his thesis is the
interaction between a freely movable rigid body, and a surrounding ideal fluid
with vorticity in the form of a specified number of point vortices - all considered
in two dimensions. The project has given rise to four papers, three of them
with Rønby as first author.
The thesis consists of three parts. First, in Chapter 2, the potential flow
created by the motion of a rigid body of arbitrary shape is discussed. The
bodies used in this thesis are described by Joukowski profiles. Even though this
is a single family, it comprises a wide range of body shapes including symmetric
and asymmetric bodies, lines, ellipsoids and shapes with cusps. Their relation
to airplane wings adds to their attractiveness. The shapes, flow fields and
equations of motion are nicely discussed in sections 2.1 and 2.2. The exposition
of the different shapes (fig. 2.1) is revealing, useful, and not readily found in
the literature elsewhere. It could become a true reference for the profiles
if complemented by the exact parameters used. The dynamics of particles
trapped in the neighbourhood of the body, for which Rønby and Aref introduce
the intuitively appealing name “atmosphere”, is discussed through numerical
examples in section 2.3. Based on the streamline patterns of elongated bodies
in rotation, it may be expected that an atmosphere of particles would remain
close to the body during its motion. However, what Rønby and Aref have
shown is that even adding translational motion, a body is capable of retaining
such an “atmosphere” of particles. This new result was published in Physics
of Fluids.
In Chapter 3, point vortices and their dynamics are explained, first in the
infinite plane, then in the space outside a solid body. Specific emphasis is put
on carefully deriving the conservation laws, taking into account not only the
distribution of vortices, but also the presence of the solid body. Much of the
discussion of three-vortex and four-vortex motion has been analysed in quite
some detail before. However, in this chapter, Rønby has ably clarified the
structure of the constants of the motion. In so doing, he has identified new
integrable cases, where vortices are close to a body.
Finally, in Chapter 4, the full equations of motion for the interacting bodyvortex system, where there is a feedback between the motion of the vortices
and that of the body, is derived. Here Rønby shows his impressive command
of the mathematical machinery as well as the literature. It is clear that he has
put a lot of effort into verifying his equations of motion and relating them to
other presentations. A noteworthy achievement of this thesis is the clarification
and resolution of ambiguities and differences in signs and errors between the
different approaches. The full equations of motion are in particular used for
understanding the transition from integrability to chaos and the properties of
the chaotic states.

Rønby analyses the case of a single vortex moving around an elliptic body.
By applying Poincaré sections, he demonstrates the inception of chaotic regimes
in the flow, as the eccentricity of the ellipse increases. The key to understanding some of these chaotic regimes is the recognition of the importance of the
saddle points in the streamline pattern on one side of the body. As eccentricity
increases, the motion of the saddle point increases, yielding less repeatability
in the vortex motion. This work forms the basis of a paper published in the
Proceeding of the Royal Society.
Throughout the thesis, the candidate has done remarkably well in illustrating and highlighting key feature of the trajectories. The thesis would profit
by further work in simplifying terminology and clarifying parameters used in
various plots. For instance, the author could include a diagram clearly illustrating the several reference frames used in the thesis. It would also be helpful
to list all the parameters underlying each figure.
In conclusion, we find that this work is of high quality, covering a topic of
broad appeal, and making an important contribution to a classical problem
in fluid dynamics. Rønby has gained very relevant experience in his thesis
work and has clearly shown his ability to carry out original research and to
collaborate with other scientists in a fruitful way.
The oral presentation was extremely well-organized and clear. The candidate presented his results in a very pedagogical manner and used a good
selection of animations which made the subject accessible to a wide audience.
The defence gave rise to a good scientific discussion and the answers given by
the candidate were satisfactory and showed an in-depth knowledge of the field
and the techniques applied.
In conclusion we find that Johan Rønby Pedersen’s thesis and his oral
defence satisfactorily fulfill the requirements for obtaining the Ph.D. degree.
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